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States

Transitions

n

1. Ap1 = {p €[0,1)": > pi= 1} the (n — 1)-simplex.
i=1

2. MS={DeC™:D>0,TrD =1}

3. (A) S — S (A‘Sﬂ_l)sl
(B) 8§ = S: B, (Birkhoff-polytope)
4. (a) MS — MS, CPT maps.
(B) Identity-preserving M — ME CPT maps.
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INTRODUCTION
HISTORICAL BACKGROUND

V(Bn)

Explicit value of V/(B,) if known for n < 10. Assyptotic formula
for V(By):

V(B,) = exp (—(n — 1)2 log(n) + n? — (n — %) log(27) + % + o(l))

(R. Canfield and B. McKay, 2007).
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INTRODUCTION
HISTORICAL BACKGROUND

V(Bn)

Explicit value of V/(B,) if known for n < 10. Assyptotic formula
for V(By):

V(B,) = exp (—(n — 1)2 log(n) + n? — (n — %) log(27) + % + o(l))

(R. Canfield and B. McKay, 2007).

V(MF)
()
V(MS) = G .|_|1 il

(A. Andai, 2006, [7]).

What is the volume of CPT maps?
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INTRODUCTION

(QUANTUM CHANNELS

DEFINITION

A map Q : C"™" — C™*™ is completely positive (CP) if Vk
ide @ Q : Ckxk @ Crxn — Ckxk @ C™*™ is positive.

THEOREM (CHOI REPRESENTATION, CHOI MATRIX)
The followings are equivalent:

. Q:C™nm— Cm™*m™m js CP.

. Q:C"™" — C™M js n-positive.

1. The matrix (id, ® Q) < Y Ei® E,-j> is positive.
ij=1
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INTRODUCTION

THE UNDELYING CLASSICAL CHANNEL

Let Q : M‘S — M,% a CPT map, ¢, and 7, are the canonical
inclusion and projection, respectively.

Q
MG —— ME

Al [

3Py
Anfl . Amfl

| Qu Qo2 | diag(Qu1) }
@= [ Q1 Q2 ] = Fo= [ diag(@22)
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INTRODUCTION

THE MANIFOLD OF QUBIT CHANNELS

Choi representation:

Q- [ Qu Q2

] = Q11, Q2 € Mo, Q1 = Q1,, Tr Q12 =0
Q1 Q2

General qubit channels:
Or = {Q e R¥*|Q : My — M5, Q >0} C R’
Qc = {Q e C**|Q : MS = M5, Q >0} c R??

Unital qubit channels:

Qi1+ Q=1

O ={QeR¥™Q: MY 5> M, Q>0,Q() =1} CcR®
QL ={QeC*Q: M5 - M$,Q>0,Q/)=1} cR®
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PRELIMINARY LEMMAS

SOME FACTS FROM LINEAR ALGEBRA

PROPOSITION
A>0<« (YU) U*AU > 0, where U is unitary. J

PROPOSITION

1. A>0 <« (Vi) det(A;) > 0.

2. If A, = [ An-1 | X ] > 0, then
Xn ann

det(Ap) = anndet(Ap—1)(1 — <x,,, (A,,_l)*lxn>).
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ABBREVIATIONS

A SIMPLE CONSEQUENCE OF THE BETA INTEGRAL:

L F(b+1)r (32
Gab::/ Xa(l—xz)bdle (b+1) ( g )
* ) 2 T(3+b+3)

THE SURFACE F,_1 OF THE UNIT SPHERE IN AN n
DIMENSIONAL SPACE:
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PREL

OUR MAIN TOOL

LEMMA

Assume that T € K™", T >0,/ € R and u > 0. Let L be an
m-dimensional subspace and x € K" fixed. Set

EK(T,M,L,X):{)/EH <X+yaT(X+Y)><:U“}a T eK
then

Fm—1Gam— oy
crh )(u = (x+y, TO+y))) dham(y) = g5t (0 = [|20]?) 2
E®(T,p,L.x

where M = T(L), zo = P,/ Tx and d = dimg(K).
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PRELIMINARY MMAS

THE SKETCH OF THE PROOF (REAL CASE)

Substitution: Region of integration:
_ 1 e

2(y,- - ym) = VT (X + i;y,e,)

um \

Jacobian: —£2
\/det(T|.) 1
r
(1= +y, Tx+y) dAm(y) = 11 )1
ER(T,u,Lx) \/ﬁ
3

R
V) / (1= 11zI[2) dAm(2). _/ O(E™(T, 1, L, x))

O(ER(T,p,L.x))

and then spehrical coordinates Ran(®)

on O(ER(T, i, L, x)).
(B ) where zy = Ppv/Tx
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THE MAIN RESULT
[ Jelele)

THEOREM

The volume of the space of qubit channels and the distribution of
volume over classical channels can be expressed as follows.

Real channels:

473
V(QR) = To5a
(af)*/2 (5(1 — a)(1 — f) — af) ifat+f<1

V(a,f)= %FfGl,OGL% X {((1 a1 f))3/2(53f —(1—a)(1—f)) ifa+f>1.

Complex channels:

27>
V(QC) = 4705’
S@F[10((1 — a)(1 — f) — af)*+
15af (1 — a)(1 — f) — 9a%f?] ifat+f<1
(1—a)3(1 — F3[10((1 — a)(1 — ) — af )>+
15af (1 — a)(1 — ) — 9(1 — a)*(1 — )] ifa+f>1.

V(a,f) = 3iF1F3G3 0631 X
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THE MAIN RESULT
0000

DISTRIBUTION OF VOLUME OVER CLASSICAL

CHANNELS

a 1—-a

Underlying classical channel: 1_f ¢

/‘«
s

XXM

276NN
TSN
I

(B) Qe
FIGURE : Graph of V(a,f).
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THE MAIN RESULT
ooeo

Parametrization of Qg and O¢:

d

a c a ¢ b d
Q= f_) 1 t a e —C unitar};ra}nsform A— c f <] g
c e f g b & 1-a -—c
d -¢ g 1-—f d g -¢ 1-f
. Or | 2*dN;
The corresponding volume form:
P g Qc | 27dA2

LEMMA
Let K™" 3 A >0, T =det(A)A™!, L <K" a subspace, x € L+
and M =+/TL. Ifdim(L') =1, then

det(A)
(x, Ax)

1Py VTx||? = [Ix[]*.
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THE MAIN RESULT
oooe

THE CRITICAL STEP OF THE CALCULATION (Q¢)

a c b d
A c f e g Blue:  fixed
| b e 1-a] —c Red:  running (L3)
d g —¢ |[1-f

Positivity condition: (1 — f)det(As)(1 — (x3, (A3) 'x3)) > 0.

V(A3) = / 27 d)\,
E‘C(det(A3)(A3)*1,(1—f) det(A3),L3,X3)
2N\ 2
7RGy (A== ) det(as)?
det( T3’L3)

((1—a)(1— ) —[c]?)? det(As)

~ 2"F3Gsag
C (1-a)s
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THE MAIN RESULT
@000

THEOREM

The volume of the space of unital qubit channels and the
distribution of volume over classical channels can be expressed as
follows.

V(a) = 25F0F1G0 1G1’132(]. — 3)2.
2

Complex unital channels:
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THE MAIN RESULT
0®00

DISTRIBUTION OF VOLUME OVER CLASSICAL

CHANNELS

a 1-a
1—a a

Underlying classical channel: [

5.
45f
4l
35}
3l

gz.s—
ol
15F s
1t .

0.5

0 = i i i i = i
0 0.2 0.4 0.6 0.8 1

FIGURE : Graph of V/(a) for Q} (solid) and QF (dashed).
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THE MAIN RESULT
[e]e] 1o

Parametrization of Q]ﬁ and Q}C:

a b c d 1-a e b —c
_ b 1—a e —C | unitary transform e 1-a ¢ —b
Q= c & 1l-a —b A= b ¢ a d
d -c —b a —C —b d a

Q]%Q 2% d s

The corresponding volume form: QL [27dNg

LEMMA

If L3 = Span{(0,0,1)"} and M = /A3 *(L3), then

N FA
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THE MAIN RESULT
oooe

THE CRITICAL STEP OF THE CALCULATION (Q¢)

1—a e b —c
A é l1—-a ¢ —b Blue:  fixed
N b ¢ a d Red:  runnig (L3)
—C —b d a

Positivity condition: (1 — f)det(As)(1 — (x3, (A3) 'x3)) > 0.

V(A3) = / 27d)\, =

EC(det(A3)(A3)—1 ,a det(A3),L3,X3)

S 2n (o (% D)) i
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AN APPLICATION

UNIFORM SAMPLING ALGORITHM (Og)

Step 1:
Step 2:

Step 3:

Step 4:

Step 5:
Step 6:

Step 7:
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AN APPLICATION

UNIFORM SAMPLING ALGORITHM (Og)

Step 1: Generate a,f ~ U([0, 1]) independently.
Step 2:

Step 3:

Step 4:

Step 5:
Step 6:

Step 7:
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AN APPLICATION

UNIFORM SAMPLING ALGORITHM (Og)

Step 1: Generate a, f ~ U([0,1]) independently.

Step 2: Generate x; ~ U(—+/af,\/af ) and set Ay = { j* );1 }
1

Step 3:

Step 4:

Step 5:
Step 6:

Step 7:
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AN APPLICATION

SAMPLING ALGORITHM (QOg)

Generate a, f ~ U([0,1]) independently.
Generate x; ~ U(—+v/af,v/af) and set Ay = { j* );1 }
1

Generate y» ~ U({r € R? : ||r|| < V/f}) and
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AN APPLICATION

UNIFORM SAMPLING ALGORITHM (Og)

Step 1: Generate a, f ~ U([0,1]) independently.

Step 2: Generate x; ~ U(—+/af,\/af ) and set Ay = { j* );1 }
1

Step 3: Generate y» ~ U({r € R?: ||r|| < Vf}) and

set Az = [ i\zf 1):23 :|, where xo = \/Aay».
Step 4:
Step 5:
Step 6:
Step 7:
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UNIFORM
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Step 3:

Step 4:

Step 5:
Step 6:

Step 7:

AN APPLICATION

SAMPLING ALGORITHM (QOg)

Generate a, f ~ U([0,1]) independently.

Generate x; ~ U(—\/:Tf, \/37) and set Ay = { j* );1 }
1

Generate y» ~ U({r € R? : ||r|| < V/f}) and

set Az = [ Af X2 :| , Where xo = \/Asy».
x5 1—a

Compute the projection P onto the subspace Span({v/As e3})
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UNIFORM

Step 1:
Step 2:

Step 3:
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SAMPLING ALGORITHM (QOg)

Generate a, f ~ U([0,1]) independently.

Generate x; ~ U(—\/:Tf, \/37) and set Ay = { j* );1 }
1

Generate y» ~ U({r € R? : ||r|| < V/f}) and

set Az = [ Af X2 :| , Where xo = \/Asy».
x5 1—a

Compute the projection P onto the subspace Span({v/As e3})

and set z = —xq (1 — f)"Y2P /A e5.
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UNIFORM

Step 1:
Step 2:

Step 3:

Step 4:

Step 5:
Step 6:

Step 7:

AN APPLICATION

SAMPLING ALGORITHM (QOg)

Generate a, f ~ U([0,1]) independently.

Generate x; ~ U(—\/:Tf, \/37) and set Ay = { j* );1 }
1

Generate y» ~ U({r € R? : ||r|| < V/f}) and

set Az = [ Af X2 :| , Where xo = \/Asy».
x5 1—a

Compute the projection P onto the subspace Span({v/As e3})
and set z = —xq (1 — f)"Y2P /A e5.

If ||z|| > 1, then goto Step 2.
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AN APPLICATION

UNIFORM SAMPLING ALGORITHM (Og)

Step 1: Generate a, f ~ U([0,1]) independently.

Step 2: Generate x; ~ U(—+/af,\/af ) and set Ay = { j* );1 }
1

Step 3: Generate y» ~ U({r € R?: ||r|| < Vf}) and

set Az = [ Af X2 :| , Where xo = \/Asy».
x5 1—a

Step 4: Compute the projection P onto the subspace Span({\/As e3})
and set z = —xq (1 — f)"Y2P /A e5.

Step 5: If ||z|| > 1, then goto Step 2.

Step 6:  Generate y3 ~ U({r € B : ||r|| < /I~ [[2]?}) and

Step 7:

A. Lovas AND A. ANDAI VOLUME OF QUBIT CHANNELS



AN APPLICATION

UNIFORM SAMPLING ALGORITHM (Og)

Step 1: Generate a, f ~ U([0,1]) independently.

Step 2: Generate x; ~ U(—+/af,\/af ) and set Ay = { j* );1 }
1

Step 3: Generate y» ~ U({r € R?: ||r|| < Vf}) and

set Az = [ Af X2 :| , Where xo = \/Asy».
x5 1—a

Step 4: Compute the projection P onto the subspace Span({v/As e3})
and set z = —x(1 — f)_l/zP\/Ee}

Step 5: If ||z|| > 1, then goto Step 2.

Step 6: Generate y; ~ U({r € R?: ||r]| < /1 —|z|]?}) and

cet A— [ A } where x5 = VI = Fy/75([ex, e2lys + 2).
.

Step 7:
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AN APPLICATION

UNIFORM SAMPLING ALGORITHM (Og)

Step 1: Generate a, f ~ U([0,1]) independently.

Step 2: Generate x; ~ U(—+/af,\/af ) and set Ay = { j* );1 }
1

Step 3: Generate y» ~ U({r € R?: ||r|| < Vf}) and

set Az = [ Af X2 :| , Where xo = \/Asy».
x5 1—a

Step 4: Compute the projection P onto the subspace Span({v/As e3})
and set z = —x(1 — f)_l/zP\/Ee}

Step 5: If ||z|| > 1, then goto Step 2.

Step 6: Generate y; ~ U({r € R?: ||r]| < /1 —|z|]?}) and

cet A— [ A } where x5 = VI = Fy/75([ex, e2lys + 2).
.

Step 7: Apply the transform Q = UAU*.
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AN APPLICATION

THE TRACE-DISTANCE CONTRACTION COEFFICIENT

Kolmogorovian probability | Quantum probability

Distance of
IP—Qlx = E;SIP(S) = Q)| | llp—ollr=Tr[p -0
S

states
Contractivity ) . . Tr
of transitions Dobrushin ergodic coefficient n ' (Q)
Q(p) — Qo)|l1
1" (Q) = sup { | (ﬁ;_ U|(1 e o e my

QUESTIONS
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AN APPLICATION

THE TRACE-DISTANCE CONTRACTION COEFFICIENT

Kolmogorovian probability | Quantum probability

Distance of
IP—Qlx = E;SIP(S) = Q)| | llp—ollr=Tr[p -0
S

states
Contractivity ) . . Tr
of transitions Dobrushin ergodic coefficient n ' (Q)
Q(p) — Qo
17(@) s {19 QONs
lp = ollx

QUESTIONS

1. What is the supremum of ™" over a fixed classical channel?
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AN APPLICATION

THE TRACE-DISTANCE CONTRACTION COEFFICIENT

Kolmogorovian probability | Quantum probability

QUESTIONS

Distance of
—Qh = P(s) — — 0|l =Trlp—
states P = Qls s%' ()= Q)| | [lp—ollh=Tr[p— o]
Contractivity . . o o
of transitions Dobrushin ergodic coefficient n (Q)
Q - Q g 1
nﬁ(Q)_sup{H (p) — Qo)ll po e My
llp—oll1

1. What is the supremum of ™" over a fixed classical channel?
2. What is the infimum of ™" over a fixed classical channel?
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AN APPLICATION

THE TRACE-DISTANCE CONTRACTION COEFFICIENT

Kolmogorovian probability | Quantum probability

|P—@h=%;W@%—QQI\W—ﬂhZTﬂp—ﬂ

Distance of

states
Contractivity ) . . Tr
of transitions Dobrushin ergodic coefficient n ' (Q)
Q(p) — Qo
17(@) s {19 QONs
lp = ollx

QUESTIONS
1. What is the supremum of ™" over a fixed classical channel?
2. What is the infimum of ™" over a fixed classical channel?

3. What is the typical value (i.e the mode) of ™ over a fixed
classical channel?
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AN APPLICATION

COMPUTATION OF n™f

The qubit channel Q : My — M5 in the Pauli bases
1 1
Q(z(l—l—x'a)) = 5(/+(V+ Tx)- o),

where v € R3 and T € R3x3,

17 (Q) = 1 Tlloo
a b c d
b R(d+e) S(d+e) R(b-g)
Q= IED 1; I :T—{—g(d—e) R(d—e) —S(b—2g)
d -t g 1 f f 2R(c) 23(c) a—f
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AN APPLICATION

COMPUTATION OF n™f

The qubit channel Q : My — M5 in the Pauli bases
1 1
Q<2(I—|—x'a)> = 5(/+(V+ Tx)- o),

where v € R3 and T € R3x3,

1™(Q) = [ Tl
a b c d
b R(d+e) S(d+e) R(b—g)
Q= IED 1;3 ? —c :T—{—%(d—e) R(d—e) —S(b—g)
d -t g 1-f 2%(c) 23(c) a—f

THEOREM (ANSWER TO QUESTION 1.)
(Va,f € [0,1]), Vx € (la— f|,/(L — a)f + /a(l — f))

3Q € Qr(a, f) C Qc(a, f) such that 7 (Q) = x.
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DISTRIBUTION 1" OVER CLASSICAL CHANNELS

CONJECTURE (ANSWER TO QQUESTION 2.)

inf{n™(Q) : Q € Oc(a, f)} = |a—f|

0.2

o .
0 0.2 0.4 . 0.6 0.8 1 o 02 04 06 08 1

(A) Q& (B) QL

FIGURE : Minimal value (dotted) of ™, mode of n™ (thick), expectation of T* (dashed) and
confidence band (solid) corresponding to the expectation (n = 1000, & = 5 x 107°).
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FUTURE PLAN

VOLUME OF QUANTUM CHANNELS

Partition of the Choi matrix:

_ Qn—l Cn nmxnm
0 = |G| e crmenm,

where D, € M€ and C, = [Cot,--os C,,7,,_1]T, Cpj € Cmxm,

Tr C,; = 0.
If Q,—1 D, is fixed, then C, must satisfy one of the following
inequalities:

idewvn > (@242 GDr ) (@207 ?)

or

den > (@200 %) (@22 C0a ).
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VOLUME OF QUANTUM CHANNELS

FUTURE PLAN

Partition of the Choi matrix:

_ Qn—l Cn nmxnm
0 = |G| e crmenm,

where D, € M€ and C, = [Cot,--os C,,7,7_1]T, Cpj € Cmxm,

Tr C,; = 0.
If Q,—1 D, is fixed, then C, must satisfy one of the following
inequalities:

idewvn > (@242 GDr ) (@207 ?)

or

den > (@200 %) (@22 C0a ).

Thank you for your attention!
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