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Motivation

Kolmogorovian probability Quantum probability

States
1. Distributions on a finite
set S, |S| = n

2. Density matrices in
Cn×n

Transitions
3. Markov matrices ⊇
doubly stochastic matrices

4. Quantum channels⊇
unital channels

1. ∆n−1 =

{
p ∈ [0, 1]n :

n∑
i=1

pi = 1

}
the (n − 1)-simplex.

2. MC
n = {D ∈ Cn×n : D ≥ 0,TrD = 1}

3. (a) S1 → S2: (∆|S2|−1)S1

(b) S → S: Bn (Birkhoff-polytope)

4. (a) MC
n →MC

m CPT maps.
(b) Identity-preserving MC

n →MC
m CPT maps.
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Historical background

V (Bn)

Explicit value of V (Bn) if known for n ≤ 10. Assyptotic formula
for V (Bn):

V (Bn) = exp
(
−(n − 1)2 log(n) + n2 −

(
n − 1

2

)
log(2π) + 1

3 + o(1)
)

(R. Canfield and B. McKay, 2007).

V (MC
n )

V (MC
n ) =

π(nk)

(n2 − 1)!

n−1∏
i=1

i !

(A. Andai, 2006, [?]).

What is the volume of CPT maps?
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Quantum channels

Definition

A map Q : Cn×n → Cm×m is completely positive (CP) if ∀k
idk ⊗ Q : Ck×k ⊗ Cn×n → Ck×k ⊗ Cm×m is positive.

Theorem (Choi representation, Choi matrix)

The followings are equivalent:

i. Q : Cn×n → Cm×m is CP.

ii. Q : Cn×n → Cm×m is n-positive.

iii. The matrix (idn ⊗ Q)

(
n∑

i ,j=1
Eij ⊗ Eij

)
is positive.

A. Lovas and A. Andai Volume of qubit channels 5 / 24



Introduction Preliminary lemmas The main result An application Future plan

The undelying classical channel

Let Q :MC
n →MC

m a CPT map, ιn and πm are the canonical
inclusion and projection, respectively.

MC
n

Q−−−−→ MC
m

ιn

x yπm
∆n−1

∃!PQ−−−−→ ∆m−1

Qubit case:

MC
2 3

[
a b
c d

]
7→ aQ11 + bQ12 + cQ21 + dQ22.

Q =

[
Q11 Q12

Q21 Q22

]
⇒ PQ =

[
diag(Q11)
diag(Q22)

]
A. Lovas and A. Andai Volume of qubit channels 6 / 24
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The manifold of qubit channels

Choi representation:

Q =

[
Q11 Q12

Q21 Q22

]
=⇒ Q11,Q22 ∈M2,Q21 = Q∗12,TrQ12 = 0

General qubit channels:

QR = {Q ∈ R4×4|Q :MR
2 →MR

2 ,Q > 0} ⊂ R7

QC = {Q ∈ C4×4|Q :MC
2 →MC

2 ,Q > 0} ⊂ R12

Unital qubit channels:

Q11 + Q22 = I

Q1
R = {Q ∈ R4×4|Q :MR

2 →MR
2 ,Q > 0,Q(I ) = I} ⊂ R5

Q1
C = {Q ∈ C4×4|Q :MC

2 →MC
2 ,Q > 0,Q(I ) = I} ⊂ R9

A. Lovas and A. Andai Volume of qubit channels 7 / 24
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Some facts from linear algebra

Proposition

A > 0⇔ (∀U) U∗AU > 0, where U is unitary.

Proposition

1. A > 0⇔ (∀i) det(Ai ) > 0.

2. If An =

[
An−1 xn

x∗n ann

]
> 0, then

det(An) = ann det(An−1)(1−
〈
xn, (An−1)−1xn

〉
).

A. Lovas and A. Andai Volume of qubit channels 8 / 24
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Abbreviations

A simple consequence of the beta integral:

Ga,b :=

∫ 1

0
xa(1− x2)b dx =

1

2

Γ(b + 1)Γ
(
a+1

2

)
Γ
(
a
2 + b + 3

2

)

The surface Fn−1 of the unit sphere in an n
dimensional space:

Fn−1 =
nπ

n
2

Γ
(
n
2 + 1

)
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Our main tool

Lemma

Assume that T ∈ Kn×n, T > 0, l ∈ R and µ > 0. Let L be an
m-dimensional subspace and x ∈ Kn fixed. Set

E
K(T , µ, L, x) = {y ∈ L| 〈x + y ,T (x + y)〉 < µ} , Tij ∈ K

then∫
EK(T ,µ,L,x)

(µ− 〈x + y ,T (x + y)〉)l dλdm(y) =
Fdm−1Gdm−1,l

det(T |L)d/2 (µ− ||z0||2)
dm
2

+l
+

where M = T (L), z0 = PM⊥
√

T x and d = dimR(K).

A. Lovas and A. Andai Volume of qubit channels 10 / 24
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The sketch of the proof (real case)

Substitution:

z(y1, . . . , ym) = 1√
µ

√
T

(
x +

m∑
i=1

yiei

)

Jacobian: µ
m
2√

det(T |L)

∫
ER(T ,µ,L,x)

(µ− 〈x + y ,T (x + y)〉)l dλm(y) =

=
µ

m
2

+l√
det(T |L)

∫
Φ(ER(T ,µ,L,x))

(1− ||z ||2)l dλm(z).

and then spehrical coordinates
on Φ(ER(T , µ, L, x)).

Region of integration:

1√
µz0

Φ(ER(T , µ, L, x))

z

1

r

Ran(Φ)

where z0 = PM⊥
√

T x

A. Lovas and A. Andai Volume of qubit channels 11 / 24
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Theorem

The volume of the space of qubit channels and the distribution of
volume over classical channels can be expressed as follows.

Real channels:

V (QR) =
4π3

105
,

V (a, f ) = 26

15 F 2
1 G1,0G1, 1

2
×

{
(af )3/2 (5(1− a)(1− f )− af ) if a + f < 1

((1− a)(1− f ))3/2(5af − (1− a)(1− f )) if a + f ≥ 1.

Complex channels:

V (QC) =
2π5

4725
,

V (a, f ) = 27

60 F1F 2
3 G3,0G3,1 ×


a3f 3[10((1− a)(1− f )− af )2+

15af (1− a)(1− f )− 9a2f 2] if a + f < 1

(1− a)3(1− f )3[10((1− a)(1− f )− af )2+

15af (1− a)(1− f )− 9(1− a)2(1− f )2] if a + f ≥ 1.

A. Lovas and A. Andai Volume of qubit channels 12 / 24



Introduction Preliminary lemmas The main result An application Future plan

Distribution of volume over classical
channels

Underlying classical channel:

[
a 1− a

1− f f

]

0
0.2

0.4
0.6

0.8
1

0

0.5

1
0

1

2

3

af

V
(a

,f
)

(a) QR.

0
0.2

0.4
0.6

0.8
1

0

0.5

1
0

0.1

0.2

0.3

0.4

0.5

0.6

af
V

(a
,f

)

(b) QC.

Figure : Graph of V (a, f ).
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Parametrization of QR and QC:

Q =


a b c d
b̄ 1− a e −c
c̄ ē f g
d̄ −c̄ ḡ 1− f

 unitary transform
=⇒ A =


a c b d
c̄ f e g
b̄ ē 1− a −c
d̄ ḡ −c̄ 1− f



The corresponding volume form:
QR 24 dλ7

QC 27 dλ12

Lemma

Let Kn×n 3 A > 0, T = det(A)A−1, L ≤ Kn a subspace, x ∈ L⊥

and M =
√

T L. If dim(L⊥) = 1, then

||PM⊥

√
T x ||2 =

det(A)

〈x ,Ax〉
||x ||4.

A. Lovas and A. Andai Volume of qubit channels 14 / 24
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The critical step of the calculation (QC)

A =


a c b d
c̄ f e g
b̄ ē 1− a −c

d̄ ḡ −c̄ 1− f

 Blue: fixed
Red: running (L3)

Positivity condition: (1− f ) det(A3)(1−
〈
x3, (A3)−1x3

〉
) ≥ 0.

V (A3) =

∫
EC(det(A3)(A3)−1,(1−f ) det(A3),L3,x3)

27 dλ4

=
27F3G3,0

(
(1− f )− |c|

2

1−a

)2

+
det(A3)2

det(T3|L3)

=
27F3G3,0

(1− a)3

(
(1− a)(1− f )− |c |2

)2

+
det(A3)

A. Lovas and A. Andai Volume of qubit channels 15 / 24
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Theorem

The volume of the space of unital qubit channels and the
distribution of volume over classical channels can be expressed as
follows.

Real unital channels:

V (Q1
R) =

4π2

15
,

V (a) = 25F0F1G0, 1
2
G1,1a2(1− a)2.

Complex unital channels:

V (Q1
C) =

2π4

315
,

V (a) = 22π4a4(1− a)4.

A. Lovas and A. Andai Volume of qubit channels 16 / 24
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Distribution of volume over classical
channels

Underlying classical channel:

[
a 1− a

1− a a

]

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5
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a

V
(a

)

Figure : Graph of V (a) for Q1
R (solid) and Q1

C (dashed).
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Parametrization of Q1
R and Q1

C:

Q =


a b c d
b̄ 1− a e −c
c̄ ē 1− a −b
d̄ −c̄ −b̄ a

 unitary transform
=⇒ A =


1− a e b −c

ē 1− a c −b
b̄ c̄ a d
−c̄ −b̄ d̄ a



The corresponding volume form:
Q1

R 24 dλ5

Q1
C 27 dλ9

Lemma

If L3 = Span{(0, 0, 1)T} and M =
√

A−1
3 (L3), then

√
A−1

3 PM⊥

√
A−1

3 =

[
A−1

2 0
0∗ 0

]
.

A. Lovas and A. Andai Volume of qubit channels 18 / 24
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The critical step of the calculation (QC)

A =


1− a e b −c

ē 1− a c −b
b̄ c̄ a d
−c̄ −b̄ d̄ a

 Blue: fixed
Red: runnig (L3)

Positivity condition: (1− f ) det(A3)(1−
〈
x3, (A3)−1x3

〉
) ≥ 0.

V (A3) =

∫
EC(det(A3)(A3)−1,a det(A3),L3,x3)

27 dλ2 =

=
26F1

det(A2)

(
a−

〈
x3,

(
A−1

2 0
0∗ 0

)
x3

〉)
+

det(A3)

A. Lovas and A. Andai Volume of qubit channels 19 / 24
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Uniform sampling algorithm (QR)

Step 1: Generate a, f ∼ U([0, 1]) independently.

Step 2: Generate x1 ∼ U(−
√

af ,
√

af ) and set A2 =

[
a x1

x∗1 f

]
.

Step 3: Generate y2 ∼ U({r ∈ R2 : ||r || ≤
√

f }) and

set A3 =

[
A2 x2

x∗2 1− a

]
, where x2 =

√
A2y2.

Step 4: Compute the projection P onto the subspace Span({
√

A3 e3})
and set z = −x1(1− f )−1/2P

√
A−1

3 e3.

Step 5: If ||z || > 1, then goto Step 2.

Step 6: Generate y3 ∼ U({r ∈ R2 : ||r || ≤
√

1− ||z ||2}) and

set A =

[
A3 x3

x∗3 1− f

]
, where x3 =

√
1− f

√
A3([e1, e2]y3 + z).

Step 7: Apply the transform Q = UAU∗.

A. Lovas and A. Andai Volume of qubit channels 20 / 24
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x∗1 f

]
.

Step 3: Generate y2 ∼ U({r ∈ R2 : ||r || ≤
√

f }) and

set A3 =

[
A2 x2

x∗2 1− a

]
, where x2 =

√
A2y2.

Step 4: Compute the projection P onto the subspace Span({
√

A3 e3})
and set z = −x1(1− f )−1/2P

√
A−1

3 e3.

Step 5: If ||z || > 1, then goto Step 2.

Step 6: Generate y3 ∼ U({r ∈ R2 : ||r || ≤
√

1− ||z ||2}) and

set A =

[
A3 x3

x∗3 1− f

]
, where x3 =

√
1− f

√
A3([e1, e2]y3 + z).

Step 7: Apply the transform Q = UAU∗.
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The trace-distance contraction coefficient

Kolmogorovian probability Quantum probability

Distance of

states
|P−Q|1 =

∑
s∈S
|P(s)− Q(s)| ||ρ− σ||1 = Tr |ρ− σ|

Contractivity

of transitions
Dobrushin ergodic coefficient ηTr(Q)

ηTr(Q) = sup

{
||Q(ρ)− Q(σ)||1
||ρ− σ||1

: ρ, σ ∈M2

}
Questions

1. What is the supremum of ηTr over a fixed classical channel?

2. What is the infimum of ηTr over a fixed classical channel?

3. What is the typical value (i.e the mode) of ηTr over a fixed
classical channel?
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Computation of ηTr

The qubit channel Q :M2 →M2 in the Pauli bases

Q

(
1

2
(I + x · σ)

)
=

1

2
(I + (v + Tx) · σ) ,

where v ∈ R3 and T ∈ R3×3.

ηTr(Q) = ||T ||∞

Q =


a b c d
b̄ 1− a e −c
c̄ ē f g
d̄ −c̄ ḡ 1− f

 =⇒ T =

 <(d + e) =(d + e) <(b − g)
−=(d − e) <(d − e) −=(b − g)

2<(c) 2=(c) a− f



Theorem (Answer to Question 1.)

(∀a, f ∈ [0, 1]), ∀x ∈ (|a− f |,
√

(1− a)f +
√

a(1− f ))

∃Q ∈ QR(a, f ) ⊂ QC(a, f ) such that ηTr(Q) = x .
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Distribution ηTr over classical channels

Conjecture (Answer to Question 2.)

inf{ηTr(Q) : Q ∈ QC(a, f )} = |a− f |
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0
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(a) Q1
R
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1

a

η

(b) Q1
C

Figure : Minimal value (dotted) of ηTr, mode of ηTr (thick), expectation of ηTr (dashed) and

confidence band (solid) corresponding to the expectation (n = 1000, α = 5× 10−5).
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Volume of quantum channels

Partition of the Choi matrix:

Qn =

[
Qn−1 Cn

C ∗n Dn

]
∈ Cnm×nm,

where Dn ∈MC
m and Cn = [Cn,1, . . . ,Cn,n−1]T , Cn,j ∈ Cm×m,

TrCn,j = 0.

If Qn−1 Dn is fixed, then Cn must satisfy one of the following
inequalities:

idC(n−1)m >
(

Q
−1/2
n−1 CnD

−1/2
n

)(
Q
−1/2
n−1 CnD

−1/2
n

)∗
or

idCm >
(

Q
−1/2
n−1 CnD

−1/2
n

)∗ (
Q
−1/2
n−1 CnD

−1/2
n

)
.

Thank you for your attention!
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