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MO TIVATION

X: locally compact Hausdorff space £ l.s.c. positive (symmetric) kernel. K C X,

M1(K): the probability measures on K. Frostman, Choquet, Fuglede, Ohtsuka,
etc.: The Wiener energy:

w) = inf [ k(o y)dute) x u).
pHEM, (K) XxX
Frostman, Fuglede, etc. "maximum principle” =
w(K)=q(K):= inf sup | k(x,y)du(x).

peEM(K) yeK /X
Fuglede, Farkas - Révész, etc : K, L C X
q(K, L) = _inf sup | k(zy)du(a).
peM1 (K) yE
Adams - Hedberg p-capacity:
1

Cp(K)# = _inf sup [ [ k(2,y)du(@) f (y)dv(y).

neMy(K) { fdv: >0, Hpr, <1}



ENERGY WITH RESPECT TO SETS OF MEASURES

M(X) :={p: pis a positive, regular Radon measure on X, u(X) < co}.

DEFINITION.

Let HC X, L CY and R(H) Cc M(H), $(L) c M(L).

R(H),S8(L)) .= inf sup E(u, inf sup k d d
J(R()8(L) = nf  sup E(uv)= inf  sup || kGey)dute)dv(y),

R(H),3(L)) := sup inf  E(u, sup inf k d d
a(R(H),8(L)) = sup  inf Euv)= sup  inf | [ K y)dux)dv(y)



THEOREM 1.

Let k£ be a positive, symmetric |l.s.c. kernelon X xX. Let H,L C X two
subsets of X, R(H), 8(H) are convex subsets of M(H), R(L), S(L) are
w*-compact convex subsets of M(L). Moreover let us suppose that

inf Uldv = inf Uldyv Yu € M(H),
veR(L)JL ve8(L) /L

sup Uldy = sup Uldv Yu € M(L).
veR(H) JH veS(H) /H

Then
q (R(H),8(L)) = q (R(L),8(H)) .



Lemma. (Farkas, Révész/Adams, Hedberg)

Let A be a compact convex subset of the Hausdorff topological vector
space U and B be a convex subset of the linear space V. Let f :
AX B — (—o0,0] be l.s.c. on A for fixed y € B, and assume that f is
convex in the first and concave in the second variable. Then

sup mf f(x,y) = inf sup f(z,y).
yEB TEA r€AyeB

Remark:With R(H) = $(H) convex and R(L) = §(L) compact, con-
vex, Theorem 1 = Lemma.



R(H) is w*-compact convex and S(H) = ExR(H), the extreme points of R(H).
q(R(H)) :=q(R(H),EXR(H)), and q (R(H)) := q (R(H), ExR(H)) .
COROLLARY.

With the notation of Theorem 1, let both R(H) and R(L) be w*-compact convex
sets of mesures, and let $(H) and 8(L) be the extreme points of R(H) and R(L)
respectively. Then

q (R(H),8(L)) = q (R(L),S(H)),

specially if H =L, R(H) = R(H)

q(R(H)) = q(R(H)).

Remark: K CC X, R(K) = M1(K) The extremal points of R(K): Dirac measures
concentrated on the points of K = classical potential theory; Farkas-Révész



f1,..., fn: positive, continuous,

My(X) = {n € ML(X) : [ fidp=cii=1,...,n}.

If {fo=1, f1,..., fn} is @ Chebyshev system, then

p is an extreme point of Mg(X) < card(suppp) <n+1
(Douglas, Karr)

Some Chebyshev systems with fog = 1: X = [a,b] C (0,00) and 0 =
Ao < A1 < -+ < Ap, then {:U)‘O,a:)‘l, .. ,a;/\n}, {cosh Agt, cosh Ait, ..., cosh Ant},

[a,b] C (—o0, ), with the same exponents {e)‘ot, .. .,eAnt}.



Lemma. Let H C X,L C Y arbitrary and k£ is a positive |.s.c. sym-
metric kernel. If for all p € R(H) and € > 0 there is a compact set

K(e) € X(H) and a measure pg .y such that pg ) € R(K(e)) and
pie) < (1 +e)ulk (e, then
a(R(H),$(L)) = inf q(R(K),S(L)).

(1) Cp(H)» = infrcen Cp(K) v, (2) R(H) := {p e Mi(H) : [, fdu>c}.

Lemma. Let H C X arbitrary and 8(L) is w*-compact. If for an
arbitrary measure u € R(H) there is a net of measures {uK}fKﬂ(H) C

R(H) such that X,(H) C X(H) and iM e, () K = w1 In the vague
topology, then

q(R(H),8(L)) = KSCUCDHQ(R(K),S(L))-



Lemma. Let R(H) C M(H) be w*-compact, convex set of measures.
Let us assume that the kernel function is |.s.c. and positive. Then

w(R(H)) < q(R(H)).

Definition. A property fulfils R(H)-nearly everywhere (R(H)-n.e.) on
a set H, if denoting by N the set of points of H for which the property
does not fulfil, w(R(N)) = co.

Lemma. Let pe M(X), HC X, 0<t< o0, k be a symmetric kernel,
R(H) C M1(H).

If E(v,u) >t forallve R(H), E(v) < oo, suppr CC H, then UF(x) >t
R(H)-n.e. on H.



Definition. Using the notation of the lemma we say that a set of
measures R(H) C Mq(H) is appropriate, if for all u € R(H) with finite
energy such that E(v,u) >t forall v € R(H), E(v) < oo, suppr CC H,
it fulfils that U¥(x) >t pu-a.e. on H.

Theorem. Let H,L C X, R(H) C M1(H) be w*-compact, convex and
appropriate set of measures and let S(L) C M1(L). Let us assume that
the |.s.c. positive symmetric kernel function satisfies the Frostman’s

maximum principle. Then

w(R(H)) 2 q(R(H),8(L)).



COROLLARY

Let H C X, R(H) C M1(H) be appropriate, w*-compact, convex set of
measures and the |.s.c. positive symmetric kernel function k satisfies
the Frostman’s maximum principle. Then

w(R(H)) = q(R(H)) .

Let K CC X, (cardK = o~0) f is a real valued, positive, continuous
function on K, The kernel k is positive, symmetric |.s.c. and infinite
at the diagonal.

R(K) = {1 € ML(K) © [ fdu=c},



DISCRETIZATION

Definition. Let HC X, LCY. Rp(H) ;= {u € R(H) : card(suppu) <
n}. The nth Chebyshev constant of R(H) related to 8(L) is

q(Rn(H),8(L)),
The nth dual Chebyshev constant is

q (Rn(H),8(L)) .

Definition. The Chebyshev constant and the dual Chebyshev constant
respectively:

M (R(H),8(L)) :

1im_ g (Rn(H),8(L)),

M (R(H),8(L)) = lim_q(Rn(H),8(L)).

n—oo



If R(H) is w*-compact, convex, let us denote by

M (R(H)) := M (R(H),ExR(H)), M (R(H)) := M (R(H), ExR(H)).

THEOREM.

Let H C X, L CY such that R(H) is w*-compact, convex and 8(L) is
w*-compact. Then

M (R(H),8(L)) = q (R(H),8(L)) .



INFINITE QUADRATIC PROGRAMMING

X, Z: compact metric spaces, ®(z,2) : X X Z >R, g:Z =R, f(z,y): X x X = R,
h(x) : X — R: continuous functions, f(x,y): symmetric, positive semi-definite.

) 1
nf - /X /X f (2, y)du(z)duly) + /X h(@)du(z),

peRS (X) 2

R$,9(X) = {p e M(X) : / ®d(x,z)du(x) > g(z) Vz € Z}.
X
inf inf 2 kC , d d _ QKC’
c1<c<er MEchb,g(X)c /);'/)( (x y) Iu(x) M(y) ¢

Ry (X) = {1 € Mz(X) : /X e (x, 2)du(z) > g(=) V= € 7},

heea) = 3 (o) + 21 + ) ) + Ko



X, Z:. compact Hausdorff spaces, ®(x,z) : X xZ =R, g: Z — R: con-
tinuous functions, k(x,y): positive symmetric lower semicontinuous
kernel on X x X.

(CQPe): | inf [ [ k@ y)du(@)du(y) = w (RG 4,(X)), where

RS (X) i= {u € M1(X) : /X &(z, 2)du(x) = g(z) Vz € Z).



The cutting plane algorithm.
Assume: R, (X) # 0.
(1) n=1 choose any z1,20 € Z, Zp = {z1, 22}.

(2) Zoy, = {21,22,...,22n} = wpn: the "minimal measure”, E(un) =
i”fueﬂngjg,z%(x) E(u), where Rg, (X)) 1= {p € M1(X) : [x P(z, 2)du(z) =
9(2) z € Zoy}

(3) Vp(z) i= [y P(x, z)dun(z) — g(z). If Wp(z) =0 then stop. Other-
wise determine zo, 41, 29,4-2:

Wn(zop41) = Minecz Wn(z), Wn(zop42) = MaX,cz Wn(z). Zopyo =
Zon U{2op4+1, 220421



Lemma.

Supposing that Re¢ 4(X) # 0 (Rg)g(X) 7 (Z)), the cutting plane algo-
rithm has a limit, that is

lim w (mg% Zzn(X)) = w (fR?b’g(X» .

n—oo

Lemma. Let fq1,..., fn be positive, bounded, continuous, totally non-
constant functions on X, k is a symmetric |l.s.c. kernel, let ¢; be
positive numbers, i = 1,...,n. Assume that M4(X) := {u € M1(X) :
Ix fidp = ¢;i = 1,...,n} #= 0. If k is infinite at the diagonal or
1, f1,..., fn is @ strong Chebyshev (or Descartes) system, then M4(X)
IS appropriate.



Let R(X) 1= R§, ,(X), and R (X) 1= RS 0.2, (X)),

R (X)) 1= {u e R (X) : Card(suppu) < m}.
T heorem.

Besides the assumptions of (CQP) and Lemma 10, let us suppose that
the kernel k(x,y) fulfils the Frostman’'s maximum principle. Then



(CQP) = inf /X /Xk(w,y)du(w)du(y)=’w(-’R(X))= lim w(R( (X))

pER(X) n—00
= lim (R (X)) = lim  inf sup k(z,y)du(z)d
Jim_ LI S [ [ kG du@)dv(y)
= lim_ Q(R(n) (X)) = lim sup inf /X /X k(x,y)du(x)dv(y)

> peR() (X)) ve ExR(™)(X)

= Jim MR (X)) = lim lim  sup inf k(x,y)du(z)d
T—> 00 n—>oom—>oo’uejzg?)(X) veEXR(™M) (X) /X /X (SE y) ,u(x) V(y)

— lim lim (R (), Ex®(M (X)),

|
n—oo m—o0 —



Corollary.

If X is a compact Hausdorff space, k is |.s.c. and fulfils the Frostman’s
maximum principle, F C L}L Vu € M1(X) and is a Chebyshev system,

97"7/ — {f07f17"'7fn} C 97! then
CQP = w(Rep 4(X))

[
= lim inf sup > Q; /X k(z,y;)du(z)
Jj=1

n—oo '“’_fX fad/L:c,L-, ?lJl,...,ylEX, I<n+41, aj>0
Z—O) 7~.-,n ijl OéjfZ(yJ):CZ’Z:O71"7n

[ m
im sSup inf Z Z ajﬁkk(a:k,yj)

I
n—00 Mm—r00 21 e tmEX, B>0 Y1,y €X, I<n+1, Oéj>o ‘—1 k—1
zm_ ka.(;ck):c.,izo,l,...,n Zl. o fi(y:)=c;,i=0,1 n]_ o
k=1 1 1 ]:1 771 y] Tt Y ke



Let H = K = [0,1] (as subsets of a suitable compact

Example.
subset of C, say) For instance let k(x,y) = log Dﬁ%yl Let {ci}i\;l such

that (=1)"A"¢, > 0 for each r,k < N, 0 = Xg < A1 < .-+ < Ay,
(d1,...,dp;) € col"u as above. Then
l 1
sup inf Z ak/ k(x,yr)du(x)
| xid,u:cM o N22:Oak5yk,yk€[0,l]ak>0, I<M L—0 0
vo 2220 O&ke_)\jykz j,j=0,...,M
S 1
] Igf SUD Z BT’/O k($T7y)dV(y)

S
N\ _ ) €[0,1]18r>0, s<N ,.—
L e Vau(yy=d;, j=0...a 2er=0rozr wr€l0r>0, <N r=0

U —p. j—
r=0 Brxzy=c;, 1=0,...,N



