Introduction Classical design theory Quantum design theroy
o] 00000000 0000

0000
00000000

Classical and quantum design theory

Tamds Tasnadi

BME, Institute of Mathematics

18. May, 2016.



Introduction Classical design theory
o] 00000000

0000
00000000

Contents

Introduction

Elements of classical design theory
Basic properties
Resolvable block designs
Symmetric block designs

Concepts in quantum design theory

Quantum design theroy
0000



00000000

Contents

Introduction

Elements of classical design theory
Basic properties

Resolvable block designs
Symmetric block designs

Concepts in quantum design theory

«O>r «Fr <

it
v
a
it

nae



Introduction Classical design theory Quantum design theroy
. 00000000 0000

o]

History

Classical design theory:
e Part of combinatorial mathematics

e Deals with the construction and properties of certain system
of finite sets

e Roots go back to antiquity (Lo Shu Square, 3 x 3 magic
square)

e 18th century: Latin squares, recreational mathematics

e 19th century: Steiner system, ...

e 20th century: separate discipline (Ronald Fisher)
Quantum design theory:

e Started in the late 20th century

e Deals with the construction of certain sets of projections in a
Hilbert-space



Introduction Classical design theory
o 00000000

0000
00000000

Contents

Elements of classical design theory
Basic properties
Resolvable block designs
Symmetric block designs

Quantum design theroy
0000



Introduction Classical design theory
o 00000000

0000
00000000

Contents

Elements of classical design theory
Basic properties

Quantum design theroy
0000



Classical design theory
0@000000

Example: Wine testing competition

Problem
Tasters have to rank different types of wines. Not all taster can

taste all wines. Requirements:
e All wines should be tasted by the same number of tasters: r
o All taster should taste the same number of wines: k
e All pairs of wines should be tasted by the same number of
tasters: \
Number of tasters: b, number of wines: v
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(v, k, \) design

Definition

Given a finite set (base set) S = {1,2...v}. A collection

D ={51,52...5p} of distinct subsets (blocks) of S is called a
(v, k,\) design, if2< k< v,1<A\and

o |Si|=kforeachi=1...b
e any two-element subset of S is contained in A blocks.

Example
5$={1,2,3,4,5,6,7}, v=|S|=7, k=15]=3, b=|D| =17,
Points are covered by r = 3 blocks, pairs are by A =1 blocks.

S1= {1a2a4}7 S = {27375}’ S3 = {37476}7 S4 = {4?577}5
Ss ={5,6,1}, Se¢=1{6,7,2}, S;=1{7,1,3}
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Incidence matrix

51 = {1’254}7 52 = {27375}7 53 = {37476}7 54 = {4)5)7}5
55 = {5767 1}7 56 = {67772}7 57 = {77 173}

1101000
0110100
0011010
incidence matrix : A=1|0 0 01 1 01
1000110
01 00O0T11
1 01 0 0 0 1}

Rows code the blocks, columns code the points, A;; =1, if j € 5.
The blocks are obtained by cyclic permutation. See also frame 22.
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Basic properties — theorem

Let D be a (v, k, A) design with b blocks.
Theorem
Each point is covered by the same number of points r, and
vr = bk,
(v—=DA=r(k-1),
A< r<b.
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Basic properties — proof
Let D be a (v, k, \) design with b blocks.

Proof.
Let a € S be fixed, and let r, be be the number of blocks covering
a. Count the cardinality of the set

{(a,x,B) | a# x, a,x € Be D}
in two ways: (v — 1)A =ry(k —1)
=1, is independent of a.
Count the cardinality of the set

{(x,B) | x € Be D}

in two ways: vr = bk.
By definition: k < v =\ < r < b (using equations above). O
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Complement design

Theorem
IfD={5,5...5} is a (v, k,\) design with base set S, then

D={S5\5,5\5...5\S,}

isa(v,v—k,b—2r+ \) design, provided that b —2r + X\ > 1.

Proof.

For any pair {x,y} C S the number of D-blocks containing neither
x nor y is b—2r + A (by the inclusion-exclusion principle). O
Definition

The design D is called the complement design of D.

The incidence matrix of D is obtained by changing 0's to 1's and
1's to O’s in the incidence matrix of D.
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Fisher inequality

Theorem
For any (v, k,\) design D = {51,52...Sp}: v < b.

Proof.

e
[ATA],-J:{;’ ff’,;_ —  det(ATA) = rk(r — A)"1 >0
L i

Assume: b < v. Extend A by zero rows to obtain the square
matrix A;. =—ATA = AlTAl —

det(ATA) = det(A] A;) = det A detA; =0

Contradiction! O
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Resolvable design

Definition

A (v, k,\) design D is resolvable, if D can be partitioned into
r > 2 collections D; each consisting of pairwise disjoint blocks
covering the base set S.

The partition D = |#; D; is called resolution of D.

The subsets D; are called parallel classes.

Clearly, |Di| = ¥ = % foreach i =1,2...r.

Theorem (Bose inequality)
For any resolvable (v, k, \) design:

b>v+r—1,

where b = |D| and r is the number of blocks covering a single
point.
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Example: Finite affine plane of order 3

Parallel classes:
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Example: The game SET |

Cards have 4 attributes, each with 3 different values:
1. symbol: circle, triangle, square
2. colour: red, green, blue
3. shading: filled, chequered, open
4. number: one, two, three

Three cards form a set if each attribute is either different or the
same. Example:

N T/

)
O O
~——

SaEaN
i;;J
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Example: The game SET I

Aim: As fast as possible find sets in a group of 12 cards.
Mathematics: SET is a resolvable (81,3, 1) design:

e Number of cards: v = 3% =81
e Number of cards in a set (block): k=3

e To each pair of cards there is a unique third card to form a
set, A =1

o Number of sets (blocks): b= (%)% = 1080
e Eachcardisin r = % = 40 sets

e Isomorphic to AG(4,3) (4 dimensional finite affine space of
order 3)
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Symmetric design

Definition
A (v, k,\) design D is symmetric if v = b, i.e., its incidence
matrix is a square matrix. For a symmetric design let n =k — \. A
symmetric design is trivial if n = 1.
Properties of symmetric designs

e k =r (since b= v and vr = bk)
not resolvable (since b > v+ r —1 and r > 2 for resolvable
design)
n=k—A>1(since k<vand \v—1)=k(k—1))
e n=1<+=v—k=1=b— k < trivial symmetric design
1SinSj|=Aforalli#j,i,j=1,2...v
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Inequality for symmetric designs

Theorem
For any nontrivial, symmetric (v, k, ) design

4n—1§v§n2—|—n—|—l7 where n=k—\>2.

Two extreme cases:

Theorem

If D is a nontrivial, symmetric (v, k, \) design with v =n> +n+1,
then either D or D is an (n®> + n+1,n+ 1,1) design, which is
called a finite projective plane of order n.

Theorem

If D is a nontrivial, symmetric (v, k, \) design with v =4n —1,
then either D or D is a (4n — 1,2n — 1,n — 1) design, which is
called an Hadamard design of order n.



Introduction Classical design theory Quantum design theroy
o] 00000000 0000

0000
000@0000

Fano plane = projective plane of order 2 = (7,3,1) design

See also frame 9.
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Example: The game Dobble

e There are b’ = 55 cards

e On each card there are k = 8 different figures

e Altogether there are v > 50 figures

e Each pair of cards have exactly one figure in common

e Isomorphic to the finite projective plane of order n =7, i.e., a
symmetric (57,8,1) design

e By some reason the manufacturer omitted two cards

Aim: Find the common figure in given pairs of cards as fast as
possible.
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Projective plane of order n = (n?> + n+1,n+ 1,1) design
Geometry:
e a single line goes through any pair of points
e it contains n®> 4+ n+ 1 points and n®> + n + 1 lines
e each line has n+ 1 points, each point holds n+ 1 lines
Known facts

e exists, if nis a prime power (The construction is based on
factorising vector spaces over finite fields.)

e does not exist, if n =4k +1or n=4k+2 and nis not a sum
of two squares (this rules out n = 6)

e does not exist for n = 10 (massive computer calculations)
Not known:
e existence for any other n? (even n =12 is open)

e uniqueness of prime order projective planes?
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Latin squares |

Definition

A matrix of size n X nis a Latin square of order n if each row and
each column contains all elements of the set {1,2...n} exactly
once.

Two Latin squares A = (a; ;) and B = (b; ) are called orthogonal
if the ordered pairs (a; j, b; ;) are distinct for all i and ;.

Example:
11213 1123 (1,1) | (2,2) | (3,3)
A=|2|3|1| B= 1 , — 1(2,3)1(3,1)](1,2)
3112 2131 (3,2) | (1,3) | (2,1)
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Latin squares Il

Theorem
There are at most n — 1 mutually orthogonal Latin squares of order
n.

Theorem
The followings are equivalent:
e existence of an affine plane of order n, i.e., an (n?, n,1) design;

e existence of a projective plane of order n i.e., an
(n? + n+1,n+1,1) design;

e existence of n — 1 mutually orthogonal Latin squares.
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Hadamard matrices and (4n —1,2n — 1, n — 1) designs |

Definition
An m x m matrix (m > 2) H with entries from the set {+1, —1} is
called Hadamard matrix if HTH = ml.

Examples: (for powers of 2)
+1 -1 +H,, —H,

Hy — [+1 +1]  Hyy, = [+Hm +Hn,

:|, Hmn:Hm®Hn

Theorem

If H is an Hadamard matrix of order m then either m =2 or m is
divisible by 4.

Conjecture: There exist Hyy for any k € N,

Theorem
dHs, matrix <= 3 Hadamard (4n —1,2n — 1, n — 1) design.
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Hadamard matrices and (4n—1,2n — 1, n — 1) designs Il

Proof.
e By multiplying the rows and columns by —1 transform the
entries of the first row and first column of Hy, to 1's.

e Omit the first row and column, that gives the incidence
matrix of the design.
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Probabilistic interpretation of 2-designs |

Let D = {51,5:...Sp} be a (classical) (v, k, \) design with base
set S, and let u be the uniform probability measure on S. Let
E; : S — R be the characteristic function of S;.
Interpretation:

e S: set of elementary events

e D: set of selected events
Properties:

o [Si| =k <= wE) = [sEidu="%

o Points are covered by r blocks <= Y2  E; =r
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Probabilistic interpretation of 2-designs Il

e Pairs are covered by A blocks
= Zf’zl Ei(x)Ei(y) = A =constant Vx,y €S, x#y
<= V¢ permutation of S

b b

S E(())E(6() = 3 E(E(Y)

i=1 i=1

= Yr(Eod)@(Eod) =37 EQE



Introduction Classical design theory Quantum design theroy
o] 00000000 0e00

Quantum designs

Definition
The family D = {P1, P»... Py} of orthogonal projections (events)
of the Hilbert space CV is called a quantum design.

e Dis regular if Tr P; = k for every i;
D is coherent if Zi:l P,- =rl;

D is t-coherent (w.r.t. the unitary group), if YU unitary,
Vi<s<t:

b
Z PPS = (UPU)®®
i=1

the degree of D is the cardinality of the set

{Te(PiP) | i,j€{1,2...b}, i #j}

An affine quantum design is a quantum design of degree 2.
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Special quantum designs

Theorem

e A maximal system of MUB (mutually unbiased bases) is a
regular, 2-coherent affine quantum design.

e A SIC-POVM (symmetric, informationally complete positive
operator valued measure) is a regular, 2-coherent quantum
design of degree 1.
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Summary

e Classical block design theory is a well developed, powerful tool
to design events on a finite, classical event space with a rich
symmetric structure.

e Similar methods can/should be used to design sets of quantum
events with high symmetry on a quantum event lattice.

e Known quantum designs nicely fit into the framework of the
quantum design theory.

Thank You for the attention!
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