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Definition of Channel, Encoder, Decoder

f g
————> Channel ———>

@ The is described by a Stochastic Matrix W (y|z)
re X, ye).
@ There is a coding function f and a decoding function g

@ The Codebook consists M = 2% codeword. Where R is

called as the rate of the code.
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Definition of Error

f 9
——> Channel ——>

@ It can be supposed, that the message are uniformly on
{1,2,..., M}
@ So, the Error Probability is

Z Pr{g(y) # m|x = f(m)}
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Definition Of Capacity, Error Exponent

Llog(P.)

C ~—_ % log(M)

~
Llog(1 - P.)

@ Represent, the error probability as the function of Rate.
@ Where the error “jumps” is the Capacity.

@ The logarithm of error is the Error Exponent
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Definition Of Capacity, Error Exponent

»log(Pe) |

C Llog(M)

@ Represent, the error probability as the function of Rate.
@ Where the error “jumps” is the Capacity.
@ The logarithm of error is the Error Exponent

@ The Error Exponent can be bounded. T

MUEGYETEM 1782



Background
000@000

Definition of Multiple Access Channel

Channel

@ The Channel is described by a Stochastic Matrix W (z|z, y)
reX,yel, z€ 2.

MUEGYETEM 1782



Background

[e]e]e] le]ele)

Definition of Multiple Access Channel

g9
Channel ——>

@ The Channel is described by a Stochastic Matrix W (z|z, y)
reX,yel, z€ 2.

@ There are a coding function fi, fo and a decoding function g
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Definition of Multiple Access Channel

g9
Channel ——>

@ The Channel is described by a Stochastic Matrix W (z|z, y)
reX,yel, z€ 2.

@ There are a coding function fi, fo and a decoding function g
@ The codebooks consist M; = 21 M, = 2772 codeword.
Ry Y

MUEGYETEM 1782



Background
0000000

Definition of Error in Multiple Access System

g
Channel ——>

@ The messages are uniform on {1,2,..., My}, {1,2,..., My}

MUEGYETEM 1782



Background

[e]e]e]e] lele)
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g
Channel ——>

@ The messages are uniform on {1,2,..., My}, {1,2,..., My}
@ The Error Probability is

My M
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Channel

@ If the input distributions are fixed, then a pentagon can be
achieved.

@ The union of these pentagos are not necessarily convex.
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Definition Of Capacity of the Multiple Access
Channel

@ If the input distributions are fixed, then a pentagon can be
achieved.

@ The union of these pentagos are not necessarily convex.

@ In synchronous case, the convex closure can be takeni B
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000000@

Definition of Error Exponent, Previous work

@ The error probability inside the capacity region can go to zero
exponentially. The best possible exponent is called Reliability
function

@ For synchronous MAC. The first lower bound -called random
coding bound- was given by Slepian and Wolf[10], later
improved by Gallager[14], Dychakov[3], Pokorny and
Wallmeier[11], Liu and Hughes[5], Nazari [8].

@ Upper bounds were given by Haroutunian[2], Nazari et Al. [7].
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The Probability of the Z-property Subtypes

V]

7228 0 \
o Merging V" and VX gives PX (similarly merging V2 and
gives PY): (n—d) -V (a)+d- V¥ (a) =nP*(a) VYaeX
@ The probability of the event that an x uniformly chosen from
px has type V¥ in the first n — d symbols and has type V-*
on the last d symbols is

7ol 1T _ pn=d)HOG) 9d HV)

7n ~ H(PX) = 9~nF(VE V)
2’)’1
pPX

@ The non-negative exponent F(V;*, Vi) is called
Jensen-Shannon divergence.
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Packing Lemma for Two Terminal systems

@ The next decoder works if the codewords are as independent
as possible.

@ For the one transmitter-one receiver case: for any type V ¢
the number of codeword pairs which have this distribution is
smaller than: )

2n(Rffv(X/\X))

@ This means the logarithm of number of codeword pairs which

type is V' is inversely proportional to

Iy(X A X)

the measure of their dependence.
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®00

Packing Lemma for Two Terminal systems

@ The next decoder works if the codewords are as independent
as possible.

@ For the one transmitter-one receiver case: for any type V ¢
the number of codeword pairs which have this distribution is

smaller than:
on(R—Iv (XAX))

@ This means the logarithm of number of codeword pairs which
type is V' is inversely proportional to

Iy(X A X)

the measure of their dependence.

@ The existence of such codebook is proved by random choosipg,
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Packing Lemma in Synchronous Multi User Case

@ In synchronous multi-user case the maximal multi Information
decoder works if the logarithm of number of quadruples
(x,¥), (X,¥) with type V is also inversely proportional to

Iy (X AXAY AY)) =

~

A

= Hy (X) + Hy(X) + Hy(Y) + Hy (V) — Hy(X, X,Y,Y) =

=D(Vx - Vg - W - VollVigyy)




Used Tools
ocoe

Packing Lemma for asynchronous Codebooks

\ \ |
\ \ |
7 vz \ \ |
vz \ \ |

@ We need a constant composition library, that for each possible
delay d, the negative logarithm of number of possible
quadruples of codeword sequences with
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Packing Lemma for asynchronous Codebooks

@ We need a constant composition library, that for each possible
delay d, the negative logarithm of number of possible
quadruples of codeword sequences with any subtype sequence
Vi, Vi, ..., Vo is approximately equal to

Ay, (X; X,V Y) + (n— d) Ly, (X; X3 VY ) + .
+ (n, —d) Ty, (X; X YY)+

+Z (Vi Varsr) + F (Va1 Vo )]

It o awas
MUEGYETEM 1782



Used Tools
ocoe

Packing Lemma for asynchronous Codebooks

@ We need a constant composition library, that for each possible
delay d, the negative logarithm of number of possible
quadruples of codeword sequences with any subtype sequence
Vi, Vi, ..., Vo is approximately equal to

Ay, (X; X,V Y) + (n— d) Ly, (X; X3 VY ) + .
+ (n, —d) Ty, (X; X YY)+

+Z (Vi Varsr) + F (Va1 Vo )]

@ The eX|stence is proved by random selection 4
(Packlng Lemma) MOEGYETEM 1762
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One-0One

N

P,

yx
max I[(y;x)

MUEGYETEM 1782



Used Tools

Maximal Multi Information Decoder

Sychronous

I

MUEGYETEM 1782



Used Tools

Maximal Multi Information Decoder

Sychronous

MUEGYETEM 1782



Used Tools

Maximal Multi Information Decoder

Sychronous

Ll

ZXy

MUEGYETEM 1782



Used Tools
°

Maximal Multi Information Decoder

Sychronous

Ll

P

ZXy

max [(z;x3y)

I(z;x;y) = H(z) + H(x) + H(y) — H(z,x,y)
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Maximal Multi Information Decoder

J/
d1(z:xs5y ox: oxe
ax( Z3%3Y) d1(z3%3y) d1(z;x3y) )
(n—d)I(z;x3y) (n—d)I(z;x3y)

I(z;x;y) = H(z) + H(x) + H(y) — H(z,x,y)
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@ There are 3 type of error (so exponent) in the synchronous
case:

E1(R1, Re) = min  D(Vyx, x,ullW x Px, x,ulPv)

Vx, x9vU

+ Ty (X1 AY, Xo) — Ryt
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Error exponent of the Synchronous Channels

@ There are 3 type of error (so exponent) in the synchronous
case:

Es(R1, Re) = min  D(Vyx, x,iullW % Px, x,julPv)

Vx, xovU

+ Iy (X2 A Y, X1) — Ro|t

rrrrrrrr
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Error exponent of the Synchronous Channels

@ There are 3 type of error (so exponent) in the synchronous
case:

Eip(Ry, R2) = min D(Vyx, x,ullW X Px, x, vl Pu)

Vx,xyovU

+ |Iv(X1 /\XQ/\Y) — Ry —Rz‘+

’’’’’’’

rrrrrrrrr
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Definition of the Error Pattern
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Used Tools
0@00

Definition of the Error Pattern

S = (SI 3 S27 812)

@ The error probability is union of the all possible not empty
error pattern. So,
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The Intermediate Error Exponent

Theorem (Farkas, Koi)

For an Error Pattern with subblocks S = (5,53, S12) and delay d
the probability of error is: P4(S) < 2-nE§(R1.R2) \where

e

nES(Ry, Ry) = min > m DV PXY7)+
kE[2N]

+ +

+ 3 (I (Y3 X2) — Ro)+
kES2
+
+ ) (I, (X;Y;2) — Ri — Ry)
k€S2 i
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Problems With The Previous Exponent

The previous exponent cannot be numerically computed because:

@ Though N can be constant cannot be too small, while we do
not send messages in synchronization blocks.

nE§(Ry, Rp) =min Y o np D(Vi| PX7)+
ke[2N]

+{ D (I (X;YZ) — Ry)+
keSS,

+ > Iy, (Y5 X Z) — Ro)+
kES2

+ Z nk(IVk (X; Y; Z) — Ry — Rg)
keSi2
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Problems With The Previous Exponent

The previous exponent cannot be numerically computed because:

@ The number possible error pattern exponential in IV, so there
are lots of choices for 5, Ss, Si2
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ke€[2N]
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ke
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Problems With The Previous Exponent

The previous exponent cannot be numerically computed because:

@ The length of subtype sequence V1, Va,..., Von -with the
disturbing Z-property- also grows with V.

nE§(Ry, Rp) =min Y o np D(Vi| PX7)+
k€[2N]

+{ D ey (X;YZ) — Ry)+
keSS,

+ > Iy, (Y5 X Z) — Ro)+
kES2

—+ Z nk(IVk (X; Y; Z) — Ry — Rg)
keSi2
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@ At synchronous system if you minimalize the exponent on the
error pattern.
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Simplifying The Exponent
°0

Monotonicity in the Synchronous system

@ At synchronous system if you minimalize the exponent on the
error pattern.

@ You get or this:

@ So the minimal exponent you get:

ES = min[El, EQ, Elg]
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@ As we have seen, in synchronous system the minimal error
pattern length is always 1 block.

@ In asynchronous system if we minimize the exponent on the
error pattern,

@ we get this:

@ The minimum over error pattern is attained for irreducible
patterns, but we have no bound on the length of the pattern.
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Weak Monotonicity in the Asynchronous system

@ As we have seen, in synchronous system the minimal error
pattern length is always 1 block.

@ In asynchronous system if we minimize the exponent on the
error pattern,

@ we get this or this:

@ The minimum over error pattern is attained for irreducible
patterns, but we have no bound on the length of the pattern.
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@ One cause of the computational problems is the Z-property.

@ One solution is d-balancing.

Definition

For any § > 0 a sequence x € X" will be called §-balanced if for
each 0 < [ < n, the resulting types V7 and V5 of its first [ and next
n — [ symbols have Jensen-Shannon divergence F(V,V3) < §
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@ One cause of the computational problems is the Z-property.

@ One solution is d-balancing.

Definition

For any § > 0 a sequence x € X" will be called §-balanced if for
each 0 < [ < n, the resulting types V7 and V5 of its first [ and next
n — [ symbols have Jensen-Shannon divergence F(V,V3) < §

@ For sufficiently large n, the number of é-balanced sequences
has the same exponent as the size of the type-class
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°

)-balaced sequences

@ One cause of the computational problems is the Z-property.

@ One solution is d-balancing.

Definition

For any § > 0 a sequence x € X" will be called §-balanced if for
each 0 < [ < n, the resulting types V7 and V5 of its first [ and next
n — | symbols have Jensen-Shannon divergence F'(Vi,V32) < §

@ For sufficiently large n, the number of é-balanced sequences
has the same exponent as the size of the type-class

@ There exist codebooks with the needed properties chosen from
d-balanced codewords.

Y SRV — N
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Simplifying The Exponent
[ 1)

Eliminating the Z-property, Convexity

@ With the Pinsker inequality and continuity of the exponent we
only need to minimize over distributions which marginals are
P, Q. So, the Z-property is eliminated.

1%
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Eliminating the Z-property, Convexity

@ With the Pinsker inequality and continuity of the exponent we
only need to minimize over distributions which marginals are
P, Q. So, the Z-property is eliminated.

: . XY Z XY Z XY Z
n%nznk DVl PXY )3 " ng DVl PXYZ) +3 " D(Vi || PXY )+
keS¢ keSS keS2

+> e DVE[PYY ) + | Y mi(Iy (X;YZ) = Ry)+
keSio keSS

+ > m(Iy (Vs XZ) = Ro) + Y mi(ly (X;Y; Z) — Ry — Ry)
keSa k€S2

+
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@ With the Pinsker inequality and continuity of the exponent we
only need to minimize over distributions which marginals are
P, Q. So, the Z-property is eliminated.

. XYZ XYZ
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keSi2 keSy
+
+ > @ (V3 XZ) = Ro) + Y ni(I, (X;Y;Z) — Ry — Ry)
keSs keSi2

@ Note, that the exponent is convex for the distributions in
similar group (S1, S2, S12)
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Simplifying The Exponent
[ 1)

Eliminating the Z-property, Convexity

@ With the Pinsker inequality and continuity of the exponent we
only need to minimize over distributions which marginals are
P, Q. So, the Z-property is eliminated.

min I D(V1||PXYZ) + 1, D(Va|| PXY %)
V1,Va,ViaeVP

+1o D(Vi||PXY2) + |11 (I, (X; Y Z) — Ry)+

+
+12(IV2(Y;XZ) — RQ) + l12(1V12(X; Y; Z) — R1 — Rg)

)

@ Note, that the exponent is convex for the distributions in
similar group (S1, S2, S12)




Simplifying The Exponent
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Applying the Weak Monotonicity

@ Recall the weak monotonicity. That means I; and [> can have
the length of at most two subblock, depending on the start
index 79 and length K of the error pattern.

l1:(),l2:n,112:0

MUEGYETEM 1782



Simplifying The Exponent
oe

Applying the Weak Monotonicity

@ Recall the weak monotonicity. That means I; and [> can have
the length of at most two subblock, depending on the start
index 79 and length K of the error pattern.

llzd,lgzd,lw:n—d
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Applying the Weak Monotonicity

@ Recall the weak monotonicity. That means I; and [> can have
the length of at most two subblock, depending on the start
index 79 and length K of the error pattern.
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Applying the Weak Monotonicity

@ Recall the weak monotonicity. That means I; and [> can have
the length of at most two subblock, depending on the start
index 79 and length K of the error pattern.
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@ Recall the weak monotonicity. That means I; and [> can have
the length of at most two subblock, depending on the start
index 79 and length K of the error pattern.

min 1} D(V1||PXYZ) + 1, D(V,|| PXY )
V1,V ,VioeVP

+119 D(V12||PXYZ) + (I, (X;YZ) — Ry)+
+
+lo(l, (Y5 X Z) = Ro) + lha(lvy, (X5 Y5 Z) — Ry — Ry)|

(a) OddK OddZO ll—lg—d llg—n—d-i- 2

(b) Odd K, even ip: Iy =1y =n —d, 112_d+¥

(c) Even K, odd ip: I =0, la =n,li2 = 22n
K-2

(d) Even K, even ig: I =n, l = 0,012 = 25=n




Simplifying The Exponent
oe

Applying the Weak Monotonicity

@ Recall the weak monotonicity. That means I; and [> can have
the length of at most two subblock, depending on the start
index 79 and length K of the error pattern.
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If d =%, Ry = Ry = R and the channel is symmetric. With
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@ Recall the weak monotonicity. That means I; and [> can have
the length of at most two subblock, depending on the start
index 79 and length K of the error pattern.

min nD(V;|PXYZ)+
V1,V12€VP
+Ln D (Vi ||PXY ) 4+ |n(Iy, (X;Y Z) — R)+

+
+Ln(ly, (XY Z) — 2R)| ,

If d =%, Ry = Ry = R and the channel is symmetric. With
K-=2

2 =L,
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delays.

@ Heuristic argument for doing this: There are cases where the
dominating error event is that both user are decoded
incorrectly. In this case the error exponent might be improved
by shifting the codewords of one user deliberately (say by
n/2). The dominant (connected) error pattern always has a
“head” and a “tail” where only one user is decoded incorrectly.
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Controlled Asynchronous system

o The "Controlled Asynchronous model” concept is a
model, where though synchronization is available the senders
decide to start their codewords with appropriately chosen
delays.

@ Heuristic argument for doing this: There are cases where the
dominating error event is that both user are decoded
incorrectly. In this case the error exponent might be improved
by shifting the codewords of one user deliberately (say by
n/2). The dominant (connected) error pattern always has a
“head” and a “tail” where only one user is decoded incorrectly.

EIIII

P{* = max pd  peas — min P
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@ The synchronous exponent of Liu and Hughes and this new
asynchronous exponent was compared on the binary adder

channel®-(®) with Ry = Rgb), d= n/2(b) and N = 20.
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asynchronous exponent was compared on the binary adder
channel®-(®) with Ry = R(Zb), d= n/2(b) and N = 20.

(a) The channel is deterministic, hence only joint distribution with
Vzixy = W have finite divergence.= D(V xy ||[W) =0
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Binary Adder Channel

@ The synchronous exponent of Liu and Hughes and this new
asynchronous exponent was compared on the binary adder
channel®-(®) with Ry = R(Zb), d= n/2(b) and N = 20.

(a) The channel is deterministic, hence only joint distribution with
Vzixy = W have finite divergence.= D(V xy ||[W) =0
(b) The resulting exponent is much more simpler.
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Result on Binary Adder Channel
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@ For rate pairs dominated by A
either corners of the

pentagon successive
cancellation is possible. A
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Main Message

@ The Asynchronism has been, a little bit, unheeded, however it
has great potential (see also the result of Verda, about the
capacity of symbol asynchronous G-MAC [9])

@ | ask everyone, to check, whether asynchronism could improve
his/her favourite code and/or model performance.
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Main Message

@ The Asynchronism has been, a little bit, unheeded, however it
has great potential (see also the result of Verda, about the
capacity of symbol asynchronous G-MAC [9])

@ | ask everyone, to check, whether asynchronism could improve
his/her favourite code and/or model performance.

Thank You For Your Attention
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