


An equilibrium result on the circle

Balint Farkas, Béla Nagy and Szilard Gy. Révész

Budapest University of Technology and Economics

A. Rényi Institute, Hungarian Academy of Sciences

Budapesti Miszaki és Gazdasagtudomanyi Egyetem, 2015. dec. 9.



Background, motivation 1/75

Problem. Linear polarization constant. Let X be a normed space with Y := X~
its dual and S, Sy the respective unit spheres. Find

n n

C,(X):= inf : = inf cx)| .
(X) ) = wf sop ]1:[1 [(yj: )]

j=1



Background, motivation 1/75

Problem. Linear polarization constant. Let X be a normed space with Y := X~
its dual and S, Sy the respective unit spheres. Find

n n

C,(X):= inf : = inf cx)| .
()=l ) = wf sop 1:[ [(yj: )]

J=1 j=1

P. Kirwan — If X = R? (with the Euclidean distance) we can rewrite the problem for
the circle C:
2"C,(R?) ;= min sup H |z — 2|



Background, motivation 1/75

Problem. Linear polarization constant. Let X be a normed space with Y .= X~
its dual and S, Sy the respective unit spheres. Find

n n
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P. Kirwan — If X = R? (with the Euclidean distance) we can rewrite the problem for
the circle C:

2"C,(R?) ;= min sup H |z — 2|

Ambrus, Ball and Erdélyi considered the following. Instead of products, i.e. geo-
metric averages, consider harmonic means — if the conjectural inequality holds for
harmonic means, it must also hold for the larger geometric means.

Problem. "strong polarization".

, max min Z |z — 2| 7"

They proved that for p = 2 the extremum is taken only for regular n-gons.
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Conjecture. Ambrus, Ball, Erdeélyi For arbitrary p > 0, the same holds.
Moreover, denoting by d(z, y) := dr(z, y) := min(|z — y|, 27 — |z — y|) the distance on
the unit circle (torus) T := R/27Z, if K is any convex "kernel function”, then

max min g K(dr(zj,x

IS achieved for a regular n-gon.
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Conjecture. Ambrus, Ball, Erdeélyi For arbitrary p > 0, the same holds.
Moreover, denoting by d(z, y) := dr(z, y) := min(|z — y|, 27 — |z — y|) the distance on
the unit circle (torus) T := R/27Z, if K is any convex "kernel function”, then

max min g K(dr(zj,x

IS achieved for a regular n-gon.

2
The original "strong polarization" problem is the version with K(t) := (zsinlt/Q)) :

(

This has been solved by various special techniques and tricks
1. for p = 2 by Ambrus, Ball and Erdélyi, two different approaches

2. for p = 4 by Erdélyi and Saff
Saff & al. terms the quantities |x — y| ™" as "Riesz kernels" and the corresponding
sums as "Riesz potentials”, referring to M. Riesz, who investigated such potential
kernels on R
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tributions, and the solutions of the n'™ minimax problem can be identified with the
corresponding general Chebyshev constants.
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Following Fuglede, Ohtsuka, Choquet, Brelot, Deny ...
In general, on say a locally compact topological space X, a kernel function is a
lower semi-continuous bivariate function K : X? — [0, 00).

Note a change here in sign — now the kernels are e.g. —|z — y| ™.

Placing a Dirac mass at the point z € X, the resulting potential becomes K-, z).
The above quantities are the potentials of the sums of n-point Dirac atomic dis-
tributions, and the solutions of the n'™ minimax problem can be identified with the
corresponding general Chebyshev constants.

Even Chebyshev constants of two sets were defined in general potential theory:
M, (A, B) := inf, cpp ) supp [, K(z,y)dua(y), where n, € M,(A) are the averages
of n Dirac masses at points located in the set A.

After taking logarithms, the original polarization constant problem can be ex-
pressed in terms of general potential theory as looking for

. log [{y;z)] if ze€ X yeX*
M, (Sx+, Sx) with the kernel K (z,y) := .

— 00 otherwise



Background - a minimax type result of Fenton 4/75

On the way solving a problem of Barry in the theory of entire functions, Fenton
found the following minimax result.

Theorem (Fenton). Let J be concave on the interval I = [0,1], and K €
C?[-1,1] \ {0}, concave and monotonic on (0,1] and [—1,0) with K < 0, satisfy-
ing Condition (oc’) at0: K' (0) = +o0.

Then for an extremal configuration in the problems of finding M and m for

Fly.t) = J(0)+ Y K(t—y)

we have equi-oscillation: my = my = - -- = m,,, and the system of extremal nodes y
are unique (for both problems the same), with all y; different.
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On the way solving a problem of Barry in the theory of entire functions, Fenton
found the following minimax result.

Theorem (Fenton). Let J be concave on the interval I = [0,1], and K €
C?[-1,1] \ {0}, concave and monotonic on (0,1] and [—1,0) with K < 0, satisfy-
ing Condition (oc’) at0: K' (0) = +o0.

Then for an extremal configuration in the problems of finding M and m for

Fly.t) = J(0)+ Y K(t—y)

we have equi-oscillation: my = my = - -- = m,,, and the system of extremal nodes y
are unique (for both problems the same), with all y; different.

Note that apart from the translated kernels, there is a fixed weight J(¢) - an external
field - which provided a necessary generality for the application, aimed at.
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In between, it is strictly concave, and has a unique (local) maximum point z; and
maximum value m;. The claim is that in the extremal case everything is periodic
by 27 /n and thus (mq, ..., m,) is a constant vector. Note the strong symmetry here
— the singularities ("electrons”) — at y; can be interchanged without any effect.
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In 2013 the original conjecture of Ambrus, Ball and Erdélyi was resolved.
Theorem (Hardin, Kendall, Saff). If K is any concave kernel function on T and
is even (i.e., a function of the distance dr on the torus) then

is achieved for reqular n-gons (rotated n'" roots of unity).

What kind of equilibrium do we have here? Consider e.g. the case of most interest,
when the kernel is strictly concave with its singularity at zero being infinite (K (0) =
—o0). Clearly, then the "potential" } ', K(t — y;) is —oc at each y;: in the intervals
In between, it is strictly concave, and has a unique (local) maximum point z; and
maximum value m;. The claim is that in the extremal case everything is periodic
by 27 /n and thus (mq, ..., m,) is a constant vector. Note the strong symmetry here
— the singularities ("electrons”) — at y; can be interchanged without any effect.

In less symmetric cases — say when the kernels, singular at different y;, are cho-
sen different; or when there is some fixed, possibly different external field — we
cannot expect periodicity and symmetry in such an extent.
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Formulation of the general problem 6/75

But we can still expect general minimax and equilibrium features to hold even in
those more general situations.

Problem. Let K\, K1, ..., K, be (possibly different) kernel functions on T, and say
concave on (0,2x) and singular (in some sense or in another) at 0. Consider the
potential function

F(y,t) == Ky(t) + Z Kt —y;).

Let Iy, 1;,...,I, be the subarcs of T to which the points y; € T divide T, and
m; = sup;, F(y,-). Characterize the extremal cases when infyer supier F(y, ?) IS
achieved. Study equilibrium properties of m = (mgy, mq, ..., my,).

A concrete example.

Problem (Bojanov). Assume that a sequence of natural numbers vy, s, ..., IS
given such that vy + - - - + v, = n. Consider on an interval I the weighted Cheby-
shev problem of placing zeroes of a polynomial of degree n with the prescribed
multiplicities v; such that the co-norm would be minimal on I.
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This refers to the extremal problem on the interval I
k

min ~ max » v;log|r — x;;

j jl;
r1<--<xpel xzel < 1
J:

where we consider K;(t) := v;log |t|; the potential is F(x,z) := 3"

iy vilog |z — ;).
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maxy, I'(x, z) equi-oscillating (all equal).
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The problem of Bojanov 7175

This refers to the extremal problem on the interval I
k

min ~ max Y v;log|r — xl;

j jl;
r1<--<wpel xel 4 )
J:

where we consider K(t) := v;log [t|; the potential is F(x,z) = >},

vjlog |z — x].

Theorem (Bojanov). Assume that a sequence of natural numbers vy, vs, ..., v IS
given such that v+- - -+v,, = n. Then there is a unique polynomial on I with minimal
sup norm (and with zeroes at r1 < ... < x; with the corresponding multiplicities
v, ...,v), and it is exactly the unique polynomial with the local maxima m; =

maxy, I'(x, z) equi-oscillating (all equal).

This was solved by Bojanov on I := [—1,1] (not on T), by heavy classical type
arguments (oscillation of polynomials, zero counting, monotonicity properties in
function of the monotonic perturbation of nodes etc.).

A weight is not allowed here.

The analogous trigonometrical polynomial case has not been described ever since.
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More about the settings of the problem 8/75

Forne Nandj =0,...,nlet K, be a strictly concave kernel function on (0, 27) that
has an infinite cusp at 0 € T, i.e., it is such that lim K;(t) = —oco meaning that

t—0
teT

ggKU——w—g%K(> (00)

Denote by D_f and D, f the left and right derivatives of a function f defined on an
interval, respectively. A concave function f, defined on an open interval possesses
at each points left and right derivatives, and D_f, D_ f are decreasing functions.

Then, under condition (o) it is obvious that we must also have that

\
lim K;(t) = lim K(t) =: 1(0),

and lim D.K;(t) = lim D_K;(t) = —oo, & (o)

and llt{réD K()—}{%D+K<)=OO }

(equivalently written in the form D K;(0) = o0 ).

To distinguish from the case of an actual singularity, this, for concave kernels less
restrictive condition than (oo), will be spelled out as the concave kernel functions
K, having a (finite) cusp (at 0 € T).
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For a permutation o of {1,...,n} we introduce ¢(0) :=0and o(n+ 1) .= n+ 1, and
we define the simplex

So = {y €ET":0="9Ys0) < Y1) < " < Yotn) < Yo(nt1) = 277}-
Then the S, are open, disjoint subsets of T" with

Ugg::Tn and for X::USU we have int (T"\ X) = 0;

o

in fact, T" \ X is the union of less than n-dimensional simplexes.

Giveno andy € S,, for k =0,...,n we define the " arc I, as

Ia(k)(Y) = [ya(k)aya(lﬁ—l)]'
For j =0,...,n we have I; = [y;, y,,1(j+1)]. Of course, a priori, nothing prevents
that some of these arcs I, reduce to a singleton, but their lengths sum up to 27

> || =2
j=0

For an arbitrary y € T" the corresponding numbered sequence [;(y) of arcs are
defined unambigously, as soon as we specify o withy € S,,.
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For o # m and for y € S, N S, on the (common) boundary, the system of arcs is
still well defined, but their numbering depends on the permutations = and o.

Y

6=(2134)




Setup continued — the minimax quantities | 11/75

We use

m;(y) = sup F(y,?).
tEIj(y)



Setup continued — the minimax quantities |

11/75

We use

m;(y) = sup F(y,?).

We also introduce the functions
m :T" — |—00, 00),

m :T" — |—00, 00),

tEIj(y)

m(y) = max m;(y) =sup F(y,1),
]:0 ..... n teT



Setup continued — the minimax quantities | 11/75

We use

m;(y) = sup F(y,?).
tEIj(y)

We also introduce the functions

m T" = |—o0,00), m(y):= max m,;(y) =sup F(y,1?),

]:O ..... n teT

m T" — [—00,00), m(y):= min m;(y).

Of interest are then the following two minimax type expressions:

M = inf m(y) = inf max m;(y)= inf sup F(y,1), (1)
yeT” yeT” j=0,...,n yeT” teT
m = sup m(y) = sup min_m;(y) (2)

yeTn YETn j:O ..... n



Setup continued — the minimax quantities | 11/75

We use

m;(y) = sup F(y,?).
tEIj(y)

We also introduce the functions

m T" = |—o0,00), m(y):= max m,;(y) =sup F(y,1?),

]:O ..... n teT

m T" — [—00,00), m(y):= min m;(y).

Of interest are then the following two minimax type expressions:

M = inf m(y) = inf max m;(y)= inf sup F(y,1), (1)
yeTn yeT? j=0,...n yeT" ¢eT

m = sup m(y) = sup min m;(y) (2)
yET” YETnj:O ..... n

Or more specifically for any given simplex S = .S, we may consider the problems:

M(S) := inf m(y) = inf max m,(y) = inf sup F(y,t), (3)
yeS yeS j=0,...,n yesS teT
m(S) = supm(y) = sup min m;(y). (4)

yes yGS]:O ..... n
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For notational convenience for any given set A C T" we also define

M(A): = inf m(y) = inf max m;(y) = inf sup F(y, 1),
yeA yeA j=0,....,n YEA 4T

m(A) : =supm(y) =sup min m;(y).
yeA yEA]ZO ..... n

It will be proved below that m(S) = m(S) and M (S) = M(S). Thus we can write

M = min inf m(y) = min M(S,), (D)
o yGSU o

m = max sup m(y) = maxm(S,). (6)
g yega o

We are interested in whether the infimum or supremum are always attained, and if
so, what can be said about the extremal configurations.



Extremal node systems are not necessarily unique 13/75

Example. If the kernels are only concave and not strictly concave, then the mini-
max problem (3) may have many solutions, even on the boundary 0S of S = S,.
Letn € N, 6 < 25 and let K be an even (K(t) = K(2r — t)) kernel which is
constant ¢y on the interval [6,2nr — 6| and K(t) = =1/t +1/6 + ¢y if0 < t < 9. Put
Ky=Ky=---=K, =K.

Then for any node systemy we have max;ct F'(y,t) = (n+1)cy, because the 26 long

intervals around the nodes cannot cover |0, 2x|.



The kernels and the arising potential and maxima 14/75

K, (x-711/2)
Ko (Xx)+ K4 (x=-17/2)+ K5 (X~ 77)
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Proposition. Foreveryé > 0 there is L = L(K,, ..., K,,0) > 0 such that for every
y € T" and for every j € {0,...,n} with |I;(y)| > § one has m,(y) > —L.

Proof. Let § € (0,2n). Each K, j =0,...,n is bounded from below by —L;(§) < 0
on T\ (—=0/2,6/2). So that for y € T" the function F(y,t) is bounded from below
by —L = —(Lo+ -+ L,)on B =T\ Jj_y(y; —0/2,y; +/2)). Lety € T" and
j €10,...,n} besuchthat|l;(y)| > J,thenthereist € BNIl;(y), hence m;(y) > —L.
Corollary. For each simplex S := S, we have that m(S), M (S) are finite, in partic-
ularm, M € R.

Proof. Since K, ..., K, are bounded from above, say by C > 0, F(y,t) < (n+1)C
for every t € T and y € T". This yields m(S), M(S) < (n+ 1)C.
Take any y € S consisting of distinct nodes, so that m;(y) > —oco for each j =

0,...,n. Hence m(S) > min;—__, m;(y) > —oc.

For § = f—@ take L > 0 as in Proposition . Then for every y € T" there is j €
{0,...,n} with |I;(y)| > &, so that for this j we have m,(y) > —L. This implies

M(S) > —L > —o0.
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overcome!
/ K IO
> I
c=(4213) I, 6=(2134)
L;
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Continuity continued 17/75

Fix a node system y,, with a small 0 < § < 7/(2n + 2). Then there exists an arc
I(yo), together with its center point ¢ = ¢; such that |I,(yo)| > 26.

So in a (uniform-) §-neighborhood U := U(yy,6) == {x € T" : |x — Yol < 6} Of
yo € T", no node can reach ¢. We cut the torus at ¢ and represent T = R/27Z
by the interval [c, ¢ + 27) ~ [0, 27), and we use the ordering of this interval.

S

(y) =min{t € [c,c+2m) : #{k:y. <t} > z}
() = max{t € [e,e+2m) + f{k:y <) <)
Li(y) = [ti(y), ri(y)

and we set

ﬁ

F

Io(y) = e, Li(y)| U [rn(y ), ¢ + 27 =: [bo(y ), mo(y)] € T (as an arc).

Then I,(y) is the it arc in this cut.
Foreach i =0,...,n, we see the continuity (at y,) of the mappings

T">y—=/l(y)¢eT and T'sy—r(y)eT



Continuity continued 17/75

Fix a node system y,, with a small 0 < § < 7/(2n + 2). Then there exists an arc
I(yo), together with its center point ¢ = ¢; such that |I,(yo)| > 26.

So in a (uniform-) §-neighborhood U := U(yy,6) == {x € T" : |x — Yol < 6} Of
yo € T", no node can reach ¢. We cut the torus at ¢ and represent T = R/27Z
by the interval [c, ¢ + 27) ~ [0, 27), and we use the ordering of this interval.

S

(y) =min{t € [c,c+2m) : #{k:y. <t} > z}
() = max{t € [e,e+2m) + f{k:y <) <)
Li(y) = [ti(y), ri(y)

and we set

ﬁ

F

Io(y) = e, Li(y)| U [rn(y ), ¢ + 27 =: [bo(y ), mo(y)] € T (as an arc).

Then I,(y) is the it arc in this cut.
Foreach i =0,...,n, we see the continuity (at y,) of the mappings

T">y—=/l(y)¢eT and T'sy—r(y)eT



Continuity continued 17/75

Obviously, the system of arcs {I, : j=0,...,n} is the same as {E i=0,...,n}.
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Consider R = [0, o] with d : [~00, 00] — R, d(z,y) := | arctan(x) — arctan(y)|.
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Consider R = [0, o] with d : [~00, 00] — R, d(z,y) := | arctan(x) — arctan(y)|.
(R,d) is a compact metric space, with convergence meaning the usual conver-
gence of real sequences to some finite or infinite limit. So we may speak about
uniformly continuous functions (in this extended sense) with values in [—oo, oo.
Moreover, the mapping arctan : [—oo,00] — [—%, 7| is an order preserving home-
omorphism, and hence |—oco, 0] is order complete, and therefore a continuous
function defined on a compact set attains maximum and minimum (possibly 4-oc).
Now the condition (co) means that the kernels K : (0,27) — R can be continuously
extended to [0, 27| having then values in R.

Proposition. Suppose the kernels are continuous (to R) and bounded from above
(do not take the value ). Then

F:T"xT — [—o0,00)

is uniformly continuous (to R, in the above sense).
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Proposition. Suppose the kernels are continuous bounded from above. Lety, €
T" be a node system and let ¢ be a suitable point of cut of the torus. Then for

i =0,...,n the functions

y = mi(y) = sup F(y,t) €[00, 0]
teli(y)

are continuous atyy.
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Proposition. Suppose the kernels are continuous bounded from above. Lety, €
T" be a node system and let ¢ be a suitable point of cut of the torus. Then for
i =0,...,n the functions
y = mi(y) = sup F(y,t) €[00, 0]
teli(y)
are continuous aty.
Proof. By the Proposition the function arctanoF : T" x T — |7, 7] is continuous

at {}70} x T.

The endpoints ¢; and r; — thus Z — are continuous as well.

Hence fi(y) := max, 7, arctan oF(y,t) (and thus also m; = tanof;) is continuous.
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The continuity of m; for fixed ¢ involves the cut of the torus at c. However, if for the
system {my,...,m,} = {my, ..., m,}, the dependence on the cut can be cured.
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The continuity of m; for fixed ¢ involves the cut of the torus at c. However, if for the
system {my,...,m,} = {my, ..., m,}, the dependence on the cut can be cured.

For x € T"*! define

Ti(x) :=min{t € [c,c+2m) : Tkg,..., k; St zpy, ..., 26, <t} (i=0,...,n)

and
T(x) = (To(x),...,Th(x)).
Then T arranges the coordinates of x increasingly.
Corollary. Suppose the kernels are continuous and do not take the value co. The
mapping
T" >y +— T(my(y),...,muy(y))
is (uniformly) continuous.

Proof. We have T(my(y),...,m,(y)) = T(my(y),...,m,(y)) for any y € T, while
y — (mo(y),...,my,(y)) is continuous at any given point y, € T" and for any given
cut. But the left-hand term here does not depend on the cut. We are done.
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Corollary. Suppose the kernels are continuous and do not take the value oc. The
functions
m:T" — |—o00,00] and m:T" — [—o0, o0

are (uniformly) continuous.
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Corollary. Suppose the kernels are continuous and do not take the value oc. The
functions
m:T" — [—oo,00] and m:T" — [—o0, 0]
are (uniformly) continuous.
Corollary. Suppose the kernels are continuous and do not take the value oo. Let

S =S5, be asimplex. Forj =0, ...,n the functions
m;: S — [—00, 00
are (uniformly) continuous.

Proof. Let y, € S, then there is a cut at some ¢ and there is some i, such that
we have m;(y) = m;(y) for all y in U n S for a small neighborhood U of y,. So the
continuity follows from the Proposition .
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Remark. Suppose that the kernel functions are concave and at least one of them
is strictly concave. For fixed y also F(y,-) is strictly concave on the interior of
each arc /;(y) and continuous on I;(y), so there is a unique z;(y) € I;(y) with

m;(y) = F(y, z(y))
(this being trivially true if /;(y) is degenerate). The unique maximum point in L(y)
is denoted by z;(y) .
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Remark. Suppose that the kernel functions are concave and at least one of them
is strictly concave. For fixed y also F(y,-) is strictly concave on the interior of
each arc /;(y) and continuous on I;(y), so there is a unique z;(y) € I;(y) with

m;(y) = F(y, 2(y))

(this being trivially true if /;(y) is degenerate). The unique maximum point in L(y)
is denoted by z;(y) .

If condition (co0) holds, then it is evident that z;(y) belongs to the interior of I;(y)
(if this latter is non-empty). However, we obtain the same even under the weaker
assumption (oo’).

Proposition. Suppose that K, ..., K, are concave with at least one of them
strictly, and continuous (in the extended sense). Then for each y € T and
j=0,...,n there is a unique maximum point z;(y) of m;(y) in I;(y).

Moreover, if condition (oc0') holds for each j = 0,...,n, then z;(y) belongs to the
interior of I,(y) whenever it is non-degenerate.
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Proof. Uniqueness of a maximum point z;(y) has been already discussed.
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Proof. Uniqueness of a maximum point z;(y) has been already discussed.

To prove that e.g. =z, # y,, it suffices to refer to the fact that D, F(t,y) =
> o o DiK(t—y;) - —oowhent — y; +0, whence F(-,y) is increasing in y;, y; + d|.
Next we need that z; are well-defined, so we need F'(y, -) to be strictly concave —
it suffices if at least one of the kernels is strictly concave.

Lemma. Suppose that the kernels are concave and continuous, with at least one
of them strictly concave, so that z;(y) € I, is unique for every j = 0,...,n. For each
4 =0,...,n and for each simplex S = S, the mapping

zi: S =T, yw z(y)
Is continuous; furthermore, this continuity remains in effect as long as I, is chang-
ing continuously as a function of the node systemy € T".
Moreover, for a given y, € T" consider a cut at c. Then the mapping
y = Zi(y)

IS continuous at y,.
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Corollary. The system of maximum points, as well as the system of maximum
values on the arcs—as determined by the node systems y € T"—change continu-
ously all over T". That is, putting z = (z, ..., z,) and m := (my,...,m,), we have
T(z(y)) € O(T"" — T, T(m(y)) € C(R*"* — R+,
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values on the arcs—as determined by the node systems y € T"—change continu-
ously all over T". That is, putting z = (z, ..., z,) and m := (my,...,m,), we have
T(z(y)) € O(T"" — T, T(m(y)) € C(R*"* — R+,

Proposition. For a simplex S we always have M(S) = M(S) and m(S) = m(S).
Furthermore, both minimax problems (3) and (4) have finite extremal values, and

both have an extremal node system, i.e., there are w*,w, € S such that
m(w*) = M(S) = inf m(y) = M(S) = minm(y) € R,
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Corollary. The system of maximum points, as well as the system of maximum
values on the arcs—as determined by the node systems y € T"—change continu-
ously all over T". That is, putting z = (z, ..., z,) and m := (my,...,m,), we have
T(z(y)) € O(T"" — T, T(m(y)) € C(R*"* — R+,

Proposition. For a simplex S we always have M(S) = M(S) and m(S) = m(S).
Furthermore, both minimax problems (3) and (4) have finite extremal values, and
both have an extremal node system, i.e., there are w*,w, € S such that

m(w") = M(S5) := mf m(y) = M(5) = minm(y) € R

m(w.) =m(S) = supm(y) = m(S) = maxm(y) € R.
yeS yesS
Corollary. Both minimax problems (1) and (2) have an extremal node system.
Remark. However surprising, but it can well happen, that the extremal problems

on different simplexes have different extremal values. We have an example. In this
case, some simplex admits extremal values on the boundary of the simplex.
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— K(x)+Q(x-71/2)+K(x-17)+Q(X-3 77/2)
— K(x)+Q(x)+Q(x-2(V 2 1) 71)+K(x-rt-£(3-2v/ 2 ) 712/2)

4.7}

------------lh--------il-- ki — — — — — ——— — — kg — — — — — - -

I 37
5 2 277

3.7L

_____ max, K(x):]T—|JT—X|, Q(X):EX(Z]T—X), e=0.1
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In what follows we shall consider a sequence K](.k) of kernel functions converging
to K;as k — oo for j =0,...,n (in some sense or another).

The corresponding values of local maxima and related quantities will be denoted
as m"(x), m® (x), m*)(x), m®(S), MB(S).
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Approximation of kernels 26/75

In what follows we shall consider a sequence K](.k) of kernel functions converging
to K;as k — oo for j =0,...,n (in some sense or another).

The corresponding values of local maxima and related quantities will be denoted
as m§k) (x), m™M(x), m*)(x), m*)(S), MF)(S).

Let K be a compact space and let f,,, f € C(K;R) (the space of continuous func-
tions with values in R).

We say that f, — f uniformly (in the extended sense) if arctan f,, — arctan f
uniformly in the ordinary sense (as real valued functions).

We say that f, — f strongly uniformly if for all ¢ > 0 there is ny € N such that

flx)—e < fulx) < f(x)+e foreveryz € T and n > ny.
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In what follows we shall consider a sequence K](.k) of kernel functions converging
to K;as k — oo for j =0,...,n (in some sense or another).

The corresponding values of local maxima and related quantities will be denoted
as m§k) (x), m™M(x), m*)(x), m*)(S), MF)(S).

Let K be a compact space and let f,,, f € C(K;R) (the space of continuous func-
tions with values in R).

We say that f, — f uniformly (in the extended sense) if arctan f,, — arctan f
uniformly in the ordinary sense (as real valued functions).

We say that f, — f strongly uniformly if for all ¢ > 0 there is ny € N such that
flx)—e < fulx) < f(x)+e foreveryz € T and n > ny.
Lemma. Letf,,g,, f,g € C(K;R) forn € N.

1. If f,,9. < C < o0 and f, — f and g, — g uniformly (in the extended sense),
then f,, + g, — f + g uniformly (in the extended sense).

2. If f, \ f pointwise, i.e., if f,(x) — f(x) decreasingly, then f,, — f uniformly.

3. If f, — f uniformly, then sup f,, — sup f in [—oo, o0.
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Proposition. Suppose the sequence of kernel functions K ]@ — K uniformly for
k—ocandj=0,1,....,n. Then for each simplex S .= S, we have that mg.k) — m;
uniformly on S (j =0,1,...,n). As a consequence, m*)(S) — m(S) and M (S) —
M(S) as k — oc.
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uniformly on S (j =0,1,...,n). As a consequence, m*)(S) — m(S) and M (S) —
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Now let us define the compact set — the diagonal set of I’ — as

D :={(x,t) : 3i€{0,1,...,n}, suchthatt =z} = U{(X,t) t=xz;} C T
1=0

Lemma. Assume that the sequence of kernel functions K j(.k) converges to the ker-
nel function K; locally uniformly on (0, 27).

Then F¥)(x,t) — F(x,t) locally uniformly on T"*' \ D, i.e., for every compact
subset H C T""'\ D one has F¥)(x,t) — F(x,t) uniformly on H as k — cc.
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Note that F' can attain —oco, and that convergence of K ](.’“)(O) IS not postulated.
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Proposition. Suppose the sequence of kernel functions K ](.k) — K uniformly for
k—ocandj=0,1,....,n. Then for each simplex S .= S, we have that mg.k) — m;
uniformly on S (j =0,1,...,n). As a consequence, m*)(S) — m(S) and M (S) —
M(S) as k — oc.

Now let us define the compact set — the diagonal set of I’ — as

D :={(x,t) : 3ie{0,1,...,n}, suchthatt=uz;} = U{(X,t) t=xz;} C T
1=0

Lemma. Assume that the sequence of kernel functions K j(.k) converges to the ker-
nel function K; locally uniformly on (0, 27).

Then F¥)(x,t) — F(x,t) locally uniformly on T"*' \ D, i.e., for every compact
subset H C T""'\ D one has F¥)(x,t) — F(x,t) uniformly on H as k — cc.

Note that F' can attain —oco, and that convergence of K ](.’“)(O) IS not postulated.

Corollary. Suppose that = # x;, j = 0,...,n, whenever F(x,z) = m(x). If the
sequence of kernel functions K ](.k) — K locally uniformly on (0, 2x), then m™*)(x) —
m(x) uniformly on T".
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The properties introduced below have nothing to do with the conditions we pose
on the kernel functions Ky, ..., K, (concavity and some type of singularity at 0 and
2m), so we can formulate them in whole generality. (Note that m; (in contrast to z;)
is well-defined even if the kernels are not strictly concave).
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Proposition. Suppose that all the K; satisfy (c0). Let S = S, be a simplex. Then

Jim  mex [ma()(¥) = Mo (y)| = 0. (7)

The properties introduced below have nothing to do with the conditions we pose
on the kernel functions Ky, ..., K, (concavity and some type of singularity at 0 and
2m), so we can formulate them in whole generality. (Note that m; (in contrast to z;)
is well-defined even if the kernels are not strictly concave).

Definition. Let S = S, be a simplex.

(a) Jacobi Property:
The functions my, ..., m, are Ct on S = S, and

det (@-m(,@)i;lj_o o #(0 foreachk € {0,...,n}.

(b) Difference Jacobi Property:
The functions my, ..., m, are C on S and

n,n—1

det ((92-(mg(j) — mg(j+1)>> = (.

i=1,j=0
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Remark. Shi proved that under the condition (7) (which is now a consequence of
the assumption (o)) the Jacobi Property implies the Difference Jacobi Property.
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Remark. Shi proved that under the condition (7) (which is now a consequence of
the assumption (o)) the Jacobi Property implies the Difference Jacobi Property.

Definition. Let S = S, be a simplex.
(a) Equioscillation Property:
There exists an equioscillation pointy € 5, i.e.,
m(y) =m(y) = mo(y) = mi(y) = - = mu(y).

(b) (Lower) Weak Equioscillation Property:
There exists a weak equioscillation pointy € S, i.e., for all j

. =m(y), if I, is non-degenerate,
mily
: < m(y), if 1, is degenerate.
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Remark. Shi proved that under the condition (7) (which is now a consequence of
the assumption (o)) the Jacobi Property implies the Difference Jacobi Property.

Definition. Let S = S, be a simplex.

(a) Equioscillation Property:
There exists an equioscillation pointy € 5, i.e.,

m(y) = m(y) = mo(y) = mi(y) = --- = mu(y).

(b) (Lower) Weak Equioscillation Property:
There exists a weak equioscillation pointy € S, i.e., for all j

. =m(y), if I, is non-degenerate,
mily
: < m(y), if 1, is degenerate.

Remark. For given S = S, the Equioscillation Property implies the inequal-
ity M(S) < m(S). Indeed, if y € S is an equioscillation point, then m(y) =
nm;(y) = m(y), whence M(S) < m(y) = m(y) < m(5).

..........
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Proposition. Given a simplex S = S, the followings are equivalent:

(i

) M(S) = m(S).
()

)

)

.....

(i) Foreveryy € S one has m(y) = max;—

.....

(iv) There exists a value ;1. € R such that for eachy € S
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Proposition. Given a simplex S = S, the followings are equivalent:
(i) M(S) = m(S).

(i) Foreveryx € S one has m(x) = min;—,__

)

)

(i) Foreveryy € S one has m(y) = max;—

.....

(iv) There exists a value ;1. € R such that for eachy € S

m(y) = max m;(y) > M(S) = i%fm, supm = m(S) > m(x) = 'rglin m;(x)
J=Y;0 n S 1=0,..., n

being true for each x,y € S, the equivalence of (i), (ii) and (iii) is obvious. Suppose
(i) and take p € [m(S), M(S)]. Then (iv) is evident. From (iv) (i) follows trivially.
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Definition. Let S = S, be a simplex. We say that the Sandwich Property is
satisfied if any of the equivalent assertions in the Proposition holds true, i.e., if

max m;(y) =m(y) > m(x) = .n&in m;(x). (x,y €95)
j=0,..., n j=0,..., n
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Definition. Let S = S, be a simplex. We say that the Sandwich Property is
satisfied if any of the equivalent assertions in the Proposition holds true, i.e., if

max m;(y) =m(y) > m(x) = .n&in m;(x). (x,y €95)
j=0,..., n j=0,..., n

Remark. For given S = S, the Equioscillation Property and the Sandwich Property
together imply that M (S) = m(S).
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Definition. Let S = S, be a simplex. We say that the Sandwich Property is
satisfied if any of the equivalent assertions in the Proposition holds true, i.e., if

ax m;(y) =m(y) > m(x) = .n&in m;(x). (x,y €95)
j=0,..., n j=0,..., n

Remark. For given S = S, the Equioscillation Property and the Sandwich Property
together imply that M (S) = m(S).

Definition. We say that x majorizes (or strictly majorizes) y—and y minorizes
(or strictly minorizes) x—if m;(x) > m;(y) (or if m;(x) > m;(y)) forall j =0, ... n.
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Let S = S, be a simplex. We define the following properties on S,,.
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Let S = S, be a simplex. We define the following properties on S,,.

(a) Local (Strict) Comparison Property at z: There exists § > 0 such that if
x,y € B(z,6) and x (strictly) majorizes y, then x = y. In other words, there
are no two different x # y € B(z, d) with x (strictly) majorizing y.

(b) Local (Strict) Non-Majorization Property at y:
There exists § > 0 such that there is no x € (SN B(y,d)) \ {y} which (strictly)
majorizes y.

(c) Local (Strict) Non-Minorization Property at y:
There exists § > 0 such that there is no x € (SN B(y,d)) \ {y} which (strictly)
minorizes y.
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Let S = S, be a simplex. We define the following properties on S,,.

(a) Local (Strict) Comparison Property at z: There exists § > 0 such that if
x,y € B(z,6) and x (strictly) majorizes y, then x = y. In other words, there
are no two different x # y € B(z, d) with x (strictly) majorizing y.

(b) Local (Strict) Non-Majorization Property at y:
There exists § > 0 such that there is no x € (SN B(y,d)) \ {y} which (strictly)
majorizes y.

(c) Local (Strict) Non-Minorization Property at y:
There exists § > 0 such that there is no x € (SN B(y,d)) \ {y} which (strictly)
minorizes y.

Further, we will pick the following special cases as important.
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(A) (Strict) Comparison Property:
If x, y € S and x (strictly) majorizes y, then x = y. In other words, there exists
no two different x £ y € S with x (strictly) majorizing y.

(B) Local (Strict) Comparison Property on S: At each point z € S, the Local
(Strict) Comparison Property holds.

(C) Local (Strict) Non-Majorization Property on S:
At each point z € S, the Local (Strict) Non-Majorization Property holds.

(D) Local (Strict) Non-Minorization Property on S:
At each point z € S, the Local (Strict) Non-Minorization Property holds.

(E) Singular (Strict) Comparison Property on S: At each equioscillation
point y € S the Local (Strict) Comparison Property holds.

(F) Singular (Strict) Non-Majorization Property: At each equioscillation
point y € S the Local (Strict) Non-Majorization Property holds.

(G) Singular (Strict) Non-Minorization Property: At each equioscillation
point y € S the Local (Strict) Non-Minorization Property holds.
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Remark. The comparison properties are symmetric in x and y, while the non-
majorization and non-minorization properties are not.

One has the following relations between the above defined properties: (a)=-(b) and
(c), (A)=(B)=(E), (B)=-(C) and (D), (E)=(F) and (G), (C)=(F), (D)=(G).

It can be proved that for strictly concave kernels all comparison, non-
majorization and non-minorization properties (A), (B), (C), (D) (with their strict
version as well) are equivalent to each other.



34/75

Remark. The comparison properties are symmetric in x and y, while the non-
majorization and non-minorization properties are not.

One has the following relations between the above defined properties: (a)=-(b) and
(c), (A)=(B)=(E), (B)=-(C) and (D), (E)=(F) and (G), (C)=(F), (D)=(G).

It can be proved that for strictly concave kernels all comparison, non-
majorization and non-minorization properties (A), (B), (C), (D) (with their strict
version as well) are equivalent to each other.

Remark. Shi proved that (under condition (7)) the Jacobi Property implies the
Comparison Property and the Sandwich Property, and that the Difference Jacobi
Property implies the Equioscillation Property.

The Example below shows that the Comparison Property (even the Local Strict
Non-Majorization Property) — whence also the Jacobi Property — fails in general,
even though the Difference Jacobi Condition is fulfilled.

We will show that in our setting the Difference Jacobi Condition is always fulfilled
(as long as the kernels are at least C?) and so we have the Equioscillation Property.
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—— K(x)+K(x-271/3)+K(x-477/3) sandwich value
K(x)+K(x-271t/3-0.3)+K(x-47t/3-0.2)

3r

|



Example 36/75

Example. Letn =1 and K, : (0,27) — R be a strictly concave C*> kernel function
satisfying (oo) and such that the maximum of K, is 0, K, is increasing (0, «) with
a € (0,7) and is decreasing in («, 2w), and let Ky(t) .= Ky(2m — t).
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satisfying (oo) and such that the maximum of K, is 0, K, is increasing (0, «) with

a € (0,7) and is decreasing in («, 2w), and let Ky(t) .= Ky(2m — t).
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Example. Letn =1 and K, : (0,27) — R be a strictly concave C*> kernel function
satisfying (oo) and such that the maximum of K, is 0, K, is increasing (0, «) with
a € (0,7) and is decreasing in («, 2w), and let Ky(t) .= Ky(2m — t).

For y =V c (O, 27’(‘) we have F(y,t) = Ko(t) + Kl(t — y) = K()(t) + K0<27T + Yy — t), SO
2T +y

2

by symmetry we obtain zy(y) = % and z(y) =
So that

Ko(5) + Ko(2m +y — ) = 2Ko(3),
maly) = F(y, z1(y)) = Ko(F3%) + Ko(2m +y — 53%) = 2Ko(752).

3
<
||
T
<
S
<
||
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Example. Letn =1 and K, : (0,27) — R be a strictly concave C*> kernel function
satisfying (oo) and such that the maximum of K, is 0, K, is increasing (0, «) with
a € (0,7) and is decreasing in («, 2w), and let Ky(t) .= Ky(2m — t).

For y =V c (O, 27’(‘) we have F(y,t) = Ko(t) + Kl(t — y) = K()(t) + K0<27T + Yy — t), SO
2T +y

2

by symmetry we obtain zy(y) = % and z(y) =
So that

mo(y) = F(y, 20(y)) = Ko(3) + Ko(2m +y — ) = 2Ko(3),
mi(y) = F(y, z1(y)) = Ko(552) + Ko(2m +y — Z5) = 2K,(552).

Whence we conclude that

mo(y + h) < mo(y) and my(y +h) < mi(y),

whenever y € (2a,1) and h > 0 with y + h € (2a, 1).
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So that

mo(y) = F(y, 20(y)) = Ko(3) + Ko(2m +y — ) = 2Ko(3),
mi(y) = F(y, z1(y)) = Ko(552) + Ko(2m +y — Z5) = 2K,(552).

Whence we conclude that
mo(y + h) < mo(y) and my(y +h) < mi(y),
whenever y € (2a,1) and h > 0 with y + h € (2a, 1).

This shows that the Non-Majorization Property does not hold in general.
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Example. Letn =1 and K, : (0,27) — R be a strictly concave C*> kernel function
satisfying (oo) and such that the maximum of K, is 0, K, is increasing (0, «) with
a € (0,7) and is decreasing in («, 2w), and let Ky(t) .= Ky(2m — t).

For y =V c (O, 27’(‘) we have F(y,t) = Ko(t) + Kl(t — y) = K()(t) + K0<27T + Yy — t), SO
2T +y

2

by symmetry we obtain zy(y) = % and z(y) =
So that

mo(y) = F(y, 20(y)) = Ko(3) + Ko(2m +y — ) = 2Ko(3),
mi(y) = F(y, z1(y)) = Ko(552) + Ko(2m +y — Z5) = 2K,(552).

Whence we conclude that
mo(y + h) < mo(y) and my(y +h) < mi(y),
whenever y € (2a,1) and h > 0 with y + h € (2a, 1).

This shows that the Non-Majorization Property does not hold in general.
Since m{(2a) = 0, the Jacobi Property fails for this example (which anyway follows
from the above Remark).
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Notice also that

mo(y) —mily) = Kg(%) — Ky(F52) > 0,
since K|, is strictly decreasing, meaning that the Difference Jacobi Condition holds

(this holds in general, see Proposition ??).
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Notice also that

mo(y) —mi(y) = Ky(3) — Ko(F5%) > 0,
since K|, is strictly decreasing, meaning that the Difference Jacobi Condition holds
(this holds in general, see Proposition ??).
Finally, we remark that we have here the Singular Non-Majorization Property. In-

deed, y is an equioscillation point if and only if
2Ko(4) = mo(y) = m(y) = 2Ko(5),

l.e., at the corresponding points in the graph of K, there is a chord of length 7. This
implies that y/2 falls in the interval where K| is strictly increasing, whereas 7 + /2
belongs to the interval where K| is strictly decreasing. Hence if we move y = y
slightly, my and m, will change in different directions.
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Notice also that

mo(y) —mi(y) = Ky(3) — Ko(F5%) > 0,
since K|, is strictly decreasing, meaning that the Difference Jacobi Condition holds
(this holds in general, see Proposition ??).
Finally, we remark that we have here the Singular Non-Majorization Property. In-

deed, y is an equioscillation point if and only if
2Ko(4) = mo(y) = m(y) = 2Ko(5),

l.e., at the corresponding points in the graph of K, there is a chord of length 7. This
implies that y/2 falls in the interval where K| is strictly increasing, whereas 7 + /2
belongs to the interval where K| is strictly decreasing. Hence if we move y = y
slightly, my and m, will change in different directions.

This example shows that Shi’s results are not applicable in this general setting,
even if we supposed the kernels to be C*.



Distribution of local minima of m 38/75

Lemma. Suppose the kernels K, .. ., K,, are strictly concave and either all satisfy
(o<') or all belong to C'(0,2x). Letj € {0,...,n} and w € T" be such that m;(w) =
m(w). Then z;(w) belongs to the interior of I;(w).
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Lemma. Suppose the kernels K, .. ., K,, are strictly concave and either all satisfy
(o<') or all belong to C'(0,2x). Letj € {0,...,n} and w € T" be such that m;(w) =
m(w). Then z;(w) belongs to the interior of I;(w).

Remark. Suppose f; are (strictly) concave functions for j = 0,...,n and let f =
>_i—o fj- Let u; be the slope of a tangent line of f; at some point ¢, then p .= > 77 1,
is the slope of a tangent line of f at the same point t. Conversely, if i is given as
a slope of a tangent line at some point ¢, then it is not hard to find p;, 5 =0,...,n
being the slope of the corresponding tangent line of f; at ¢, with ;. = Z?:o 1.

Lemma (Perturbation lemma). Suppose that K, ..., K, are strictly concave. Let
y € T" be a node system, and fork ¢ N, 1 < k < nletty,...,t, € (0,2mw) be all
different from the nodes iny. Let

5::%min{|ti—yj]:izl,...,k,j:(),...,n}

Fori=1,...,k let u') be the slope of a tangent line to the graph of F(y,-) at the
pointt;. Finally, letx.,...,x,_. € R" be fixed arbitrarily.



The Perturbation Lemma 39/75

Lemma (Perturbation lemma - cont’d).

(@) Then there isa € [—1,1]" \ {0} such thatx,a=0for¢{=1,...,n — k and for
all0 < h < 0 we have

F(y + ha,s;) < F(y,t;) + M(i)<5i — 1)
for all s; with |s; —t;| < d,i=1,... k.
(b) If F(y,-) has local maximum int; forsomei € {1,...,k}, l.e., whent, = z;(y) €
int I,;(y) for some j € {0,...,n}, then

F(y + ha,s;) < F(y, z;(y)) =m;(y) foralls; with|s; — z;(y)| <.

(c) For the fixed node system y consider a corresponding cut of the torus . Let
i,....ix € {0,...,n} be pairwise different, and suppose that I, (y), ..., I (y)
are non-degenerate and z;, € int Ej foreach j =1,...,k. Thenthereisn > 0
such that for all0 < h < n

Mi(y +ha) < (y) j=1,... k
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Lemma. Let the kernel functions K, ..., K, be concave. Suppose that I;(y) =
v,y IS degenerate, i.e., a singleton.
(a) Suppose the kernels satisfy Condition (o<’). Then there exists ¢ > 0 such that
for all0 < |t —y;| < e we have F(y,t) > F(y,y,).

(b) Suppose the kernels are in C'(0,27) and are non-constant. Then there exists
e > 0 such that either for allt € (y; — e,y;) or for allt € (y;,y; + ) we have

Fy,t) > F(y,y;)-
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Lemma. Let the kernel functions K, ..., K, be concave. Suppose that I;(y) =
ly;,y;] is degenerate, i.e., a singleton.

(a) Suppose the kernels satisfy Condition (o<’). Then there exists ¢ > 0 such that
for all0 < |t —y;| < e we have F(y,t) > F(y,y,).

(b) Suppose the kernels are in C'(0,27) and are non-constant. Then there exists
e > 0 such that either for allt € (y; — e,y;) or for allt € (y;,y; + ) we have
F(y,t) > F(y,y).

Corollary. Let the kernel functions K, . .., K, be concave. Suppose that I;(y) is
degenerate.

(a) Suppose the kernels satisfy Condition (<'). Then for any neighboring, non-
degenerate arc I, we have m(y) > m;(y).

(b) Suppose the kernels are in C1(0,2r) and are non-constant. Then for at least
one neighboring, non-degenerate arc I, we have m,(y) > m,(y).
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Lemma. Let the kernel functions K, ..., K, be concave. Suppose that I;(y) =
ly;,y;] is degenerate, i.e., a singleton.

(a) Suppose the kernels satisfy Condition (o<’). Then there exists ¢ > 0 such that
forall0 < |t —y;| < e we have F(y,t) > F(y,y;).

(b) Suppose the kernels are in C'(0,27) and are non-constant. Then there exists
e > 0 such that either for allt € (y; — e,y;) or for allt € (y;,y; + ) we have
F(y,t) > F(y,y).

Corollary. Let the kernel functions K, . .., K, be concave. Suppose that I;(y) is
degenerate.

(a) Suppose the kernels satisfy Condition (<'). Then for any neighboring, non-
degenerate arc I, we have m(y) > m;(y).

(b) Suppose the kernels are in C'(0,2r) and are non-constant. Then for at least
one neighboring, non-degenerate arc I, we have m,(y) > m,(y).
Corollary. If Ky, ..., K, are non-constant, concave kernel functions and either all
satisfy (oc’) or all belong to C'(0,2r), then an equioscillation point e € T" must
belong to the interior of some simplex S = S,, i.e., we havee € X ={_S,.
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Example. /It can happen that an equioscillation point falls on the boundary of a
simplex S, and that maximum points of non-degenerate arcs lie on the endpoints.
This occurs e.g. for K, := —4n3/|x| on [—m, ), extended periodically, and letting
Ki(z) = Ky(z) = —(z — m)? on (0, 27), again extended periodically.
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Example. /It can happen that an equioscillation point falls on the boundary of a
simplex S, and that maximum points of non-degenerate arcs lie on the endpoints.
This occurs e.g. for K, := —4n3/|x| on [—m, ), extended periodically, and letting

Ki(z) = Ky(z) = —(z — m)? on (0, 27), again extended periodically.
Proposition. Suppose the kernels K, ..., K, are strictly concave and either all

satisfy (oc’) or all belong to C'(0,2r). Let w* € T" be a local minimum point of m,
I.e., such that for somen > 0
m(w’) = min m(y).
[y—w*[<n
Then w* is an equioscillation point, i.e.,
m;(w*) =m(w") forallj=0,...,n.

As a consequence, such a local minimum point belongs to X =, S.
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Corollary. Suppose the kernels K, . .., K,, are strictly concave, and either all sat-
isfy (o<'), or all belong to C(0, 2r).

Let S = S, be a simplex, and let w* € S be an extremal node system for (3). Then
the following assertions hold.

(a) Ifw* € S, thenw* is an equioscillation point.
(b) Even in case w* € 0S we have that w* is a weak equioscillation point.

(c) Furthermore, if also (oco) holds, then we have {my(w*),...,m,(w*)} C
{—o00, M(S)}, with m;(w*) = —oo iff I;(y) is degenerate.

(d) If (o0') holds, and w* € 0S, then there exists another simplex S = S, with
w* € SN S with M(S") < M(S), moreover w* is not even a local (conditional)
minimum within S’.
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Corollary. Suppose the kernels K, . .., K,, are strictly concave, and either all sat-
isfy (o<'), or all belong to C(0, 2r).

Let S = S, be a simplex, and let w* € S be an extremal node system for (3). Then
the following assertions hold.

(a) Ifw* € S, thenw* is an equioscillation point.
(b) Even in case w* € 0S we have that w* is a weak equioscillation point.

(c) Furthermore, if also (oco) holds, then we have {my(w*),...,m,(w*)} C
{—o00, M(S)}, with m;(w*) = —oo iff I;(y) is degenerate.

(d) If (o0') holds, and w* € 0S, then there exists another simplex S = S, with
w* € SN S with M(S") < M(S), moreover w* is not even a local (conditional)
minimum within S’.
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Corollary. Suppose the kernels K, . .., K, are strictly concave and either all sat-
isfy (o<'), or all belong to C1(0,2r). If w is an extremal node system for (1), i.e.,

m(w) = minm(y) = M,

then the nodes w; (j = 0,...,n) are pairwise different (i.e., w € X ) and, moreover,
w IS an equioscillation point, i.e., we have

mj(w)=M forj=0,...,n.



Distribution of local maxima of m 43/75

Lemma. Suppose the kernels K, ..., K, are strictly concave. Let S = S, be a
simplex. Then F(y,s) : T" x T — [—oco, c0) restricted to the convex open set

D:=D,,:={(y,s):yeSandsecintl(y)} is strictly concave.
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Lemma. Suppose the kernels K, ..., K, are strictly concave. Let S = S, be a
simplex. Then F(y,s) : T" x T — [—oco, c0) restricted to the convex open set

D:=D,,:={(y,s):yeSandsecintl(y)} is strictly concave.
Proof. First, note that the set D := D,; is a convex subset of T""!. Indeed, let
(x,7),(y,s) € Dand t € [0,1]. Then z; < z, and y; < y, implies tx; + (1 — t)y; <
trp+ 1=ty and z; <r < xpy; < s < ygentailsalso tx; + (1 —t)y; <tr+(1—t)s <
try+ (1 —t)y,.
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Lemma. Suppose the kernels K, ..., K, are strictly concave. Let S = S, be a
simplex. Then F(y,s) : T" x T — [—oco, c0) restricted to the convex open set

D:=D,,:={(y,s):yeSandsecintl(y)} is strictly concave.
Proof. First, note that the set D := D,; is a convex subset of T""!. Indeed, let
(x,7),(y,s) € Dand t € [0,1]. Then z; < z, and y; < y, implies tx; + (1 — t)y; <
trp+ 1=ty and z; <r < xpy; < s < ygentailsalso tx; + (1 —t)y; <tr+(1—t)s <
try+ (1 —t)y,.

F(t(x,r) + (1 =)y, s)) = > Kiltr + (1 = t)s — (tz; + (1 = t)yy))
(=0

> tK(r = m) + (L= ) Ky(s — (L= t)y;) = tF(x,r) + (1 = t)F(y, s).
(=0

This shows concavity of . To see strict concavity suppose ¢t # 0,1 and that
(x,7),(y,s) € D are different points. If » # s, then using strict concavity of K
we must have Ky(tr + (1 —t)s) > tKy(r) + (1 — t)Ko(s), and if r = s, but x, # y, for
some 1 < ¢ < n, then using strict concavity of K, (and also that » = s) it follows that
Ko(tr+(1—t)s—(tzi+(1—t)yr)) = Ko(s—(txp+(1—t)ye)) > tKo(s—xp)+(1—1) Ki(s—yp).
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Proposition. Suppose the kernels K, . . ., K,, are strictly concave. Then for all i =
0,1,...,n, the functionsm;(y) : S — R are also strictly concave. As a consequence,

m:S — [—00,00), m(y):= min m;(y)

is a strictly concave function.
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Proof. Take x,y € S and abbreviate w; := z;(x), v; :== 2;(y) (the unique maximum
points of F(x,-) and F(y,-) in I;(x) and I;(y), respectively, i.e., m;(y) = F(y,v;),
m;(x) = F(x,w;)). Let {(t) := z(tx+ (1 — t)y), (0) = v;, (1) = w;. According to the
previous Lemma the function £ is strictly concave, hence for different x # y we
necessarily have

Ft(x,w;) + (1 =t)(y,v)) > tF(x,w;)) + (1 =) F(y,vi) = tm;(x) + (1 — t)mi(y).

Here the left hand side can be written as F(tx+ (1 —t)y,w(t)) with w(t) = tw; + (1 —
t)v; € I;(tx + (1 — t)y). Thus by the definition of m; we have

mi(tx + (1 —t)y) = epnax F(tx+ (1 =t)y,s) > F(t(x,w;) + (1 = )(y, v)).

Hence, the previous considerations yield even m;(tx + (1 — t)y) > tm;(x) + (1 —
t)m;(y), whence the first assertion follows. Since minimum of strictly concave func-
tions is strictly concave, the last assertion follows, too. []
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Corollary. Suppose the kernels K, . .., K,, are strictly concave, and let S .= S, be
a simplex.

(@) In S the function m has a unique global maximum point y., and no local
minimum point in S

(b) If the kernels satisfy (x0), theny, € S.

(c) There is no other point in S majorizing y. thany. itself.
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Corollary. Suppose the kernels K, . .., K,, are strictly concave, and let S .= S, be
a simplex.

(@) In S the function m has a unique global maximum point y., and no local
minimum point in S
(b) If the kernels satisfy (x0), theny, € S.

(c) There is no other point in S majorizing y. thany. itself.
Proof. (a) Since m is strictly concave on S and continuous on S the assertion is
evident.

(b) Under condition (co) we have m|ss = —oo, whence the assertion follows.

(c) If x € S with m;(x) > m;(y,) for all j = 0,1,...,n, then for the minimum m =

.....

by uniqueness (part (a)) this entails x = y,. ]
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Corollary. Suppose the kernels K,, . . ., K, are strictly concave.

(@) Lety € S =S,,x € S, x #y be such that x majorizes y, i.e., m;(x) > m;(y)
for each j = 0,...,n. Then there are a € R" and § > 0 such that for every
17=0,...,n

m;(y —ta) <my(y)  (t€(0,0)), mly+ta)>mly)  (t€(0,1)).
In particular, the Local Strict Non-Majorization and Non-Minorization Proper-
ties fail aty.

(b) The Local Non-Majorization Property, the Local Non-Minorization Property,
the Local Comparison Property and the Comparison Property are all equiva-
lent, also together with their strict versions.

(c) If one has the Local Strict Non-Minorization Property at an interior pointy €
S, then also the Local Non-Majorization Property holds at the same point y.
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Proof. (a) Take a .= x — y and let
y: =y +ta=(1—1t)y+tx.
For sufficiently small 6 > 0 we have y; € S for every (-4, 1] (since S is convex and
open). By the strict concavity of m; we obtain for ¢ € |0, 1] that
m;(ye) > (1 —t)m;(y) + tm;(x) = (1 = t)m;(y) + tm;(y) = m;(y)

and for t € (—46,0)

mj(y) < (1= B)my(y) +tmy(x) < (1= my(y) + tmy(y) = my(y).
This proves the first assertion.
(b) The Comparison Property evidently implies the Local Comparison Property and
that implies further the Local Non-Minorization and Non-Majorization Properties.
The already established first assertion (a) provides the converse implications even

if we start with the even weaker Local Strict Non-Minorization or Non-Majorization
Properties.

(c) Follows directly from (a) by contraposition. ]
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Proposition. Suppose that the kernel functions K, ..., K, are strictly concave.
Let S = S, be a fixed simplex and lete,f ¢ S be two different equioscillation points.

(a) Then we have M (S) < m(S), and the Sandwich Property fails.

(b) If m(e) < m(f) and e € S, then the Strict Local Non-Majorization and Non-
Minorization Properties fail to hold at e.

(c) If K; either all satisfy (<) or are all C*, then the Comparison Property fails.
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Proposition. Suppose that the kernel functions K, ..., K, are strictly concave.
Let S = S, be a fixed simplex and lete,f ¢ S be two different equioscillation points.

(a) Then we have M (S) < m(S), and the Sandwich Property fails.

(b) If m(e) < m(f) and e € S, then the Strict Local Non-Majorization and Non-
Minorization Properties fail to hold at e.

(c) If K; either all satisfy (<) or are all C*, then the Comparison Property fails.

Proof. Assume, as we may, m(e) < m(f).

(a) If m(e) < m(f), then we obviously have M(S) < m(e) < m(f) = m(f) < m(9).
If, on the other hand, m(e) = m(f), then for the point g := (e + f) € S by the strict
concavity we find m;(g) > 3(m;(e) + m;(f) = m(e) for all j = 0,...,n, whence also
m(g) > m(e) and thus also m(S) > m(g) > m(e) > M(S). In both cases the Sand-
wich Property must fail, because a previous Remark this property is equivalent to
M(S) > m(9).

(b) If m(e) < m(f), then f majorizes e, so a previous Corollary finishes the proof.

(c) The assertion follows from part (b), since equioscillation points belong to S. [
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Corollary. Suppose the kernels K, ..., K,, are strictly concave. Let S .= S, be a
simplex and let y* € S be a local minimum of m.

(@) Then there exists no other point x, different from y* in S majorizing y*.
(b) Suppose the kernels either all satisfy (o<’) or are all C'.
Then in S there is no other local minimum point of m than y*.

In particular, m has a global minimum point aty* in S.
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Corollary. Suppose the kernels K, ..., K,, are strictly concave. Let S .= S, be a
simplex and let y* € S be a local minimum of m.

(@) Then there exists no other point x, different from y* in S majorizing y*.

(b) Suppose the kernels either all satisfy (o<’) or are all C'.
Then in S there is no other local minimum point of m than y*.

In particular, m has a global minimum point aty* in S.

Proof. (a) Suppose x € S majorizes y* and x # y. Then there are a € R” and
0 > 0 with m;(y* — ta) < m;(y*) forevery ¢t € (0,0) and 5 =0,...,n.

Hence y* cannot be a local minimum point for m.

(b) Under condition (') local minimum points of 7z are also equioscillation points,

so at least one of two such points majorizes the other.
But then by part (a) the two point must be equal. []
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Proposition. Suppose the kernels K, ..., K, are strictly concave and either all
satisfy (<') or all are C*. Let S = S, be a simplex. If m has a local minimum
point y* € S, then y* is a unique point of equioscillation in S, and m has there
its (unique, global) maximum. In particular, then M(S) = m(S). Moreover, the
Sandwich Property holds true in S. Furthermore, the Singular Non-Majorization
and the Non-Minorization Properties hold on S.
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Proposition. Suppose the kernels K, ..., K, are strictly concave and either all
satisfy (<') or all are C*. Let S = S, be a simplex. If m has a local minimum
point y* € S, then y* is a unique point of equioscillation in S, and m has there
its (unique, global) maximum. In particular, then M(S) = m(S). Moreover, the
Sandwich Property holds true in S. Furthermore, the Singular Non-Majorization
and the Non-Minorization Properties hold on S.

Proof. Let y, € S be the (unique, global) maximum point of m. Obviously,
min;—o_,m;(y«) = m(y.) > m(y*). By assumption we conclude that y* is an
equioscillation point, i.e., m(y*) = m(y*) = m;(y*) for j =0, ..., n. Thus we find that
y. majorizes the point y*. This is not possible unless y. = y*. Therefore we obtain
M(S) = m(S), and the Sandwich Property. If e € S is another equioscillation point,
then m(e) > m(y*) (since y* is a minimum point). This would imply M(S) < m(S),
which is nonsense. Since y* is the unique equioscillation point in S, by a previous
Corollary there is no point majorizing it. But also y* is the unique global minimum

point of 7, so there is no point in S minorizing it. O



Difference Jacobi and equioscillation in the smooth case 92/75

Proposition. Suppose that K,, ..., K, are C* with K} <0(j=0,...,n), andlet S
be a simplex. Forj =0,...,n the functions m;(y) are continuously differentiable in
S and

8m g
Oy,

(v)=—-K/(z(y) —y,) forr=1,...,n.
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Proposition. Suppose that K,, ..., K, are C* with K} <0(j=0,...,n), andlet S
be a simplex. Forj =0,...,n the functions m;(y) are continuously differentiable in
S and

8mj
Yy
Proof. y € S fixed. Recall that ¢t := z;(y) is the unique maximum point in 7,(y),

hence F'(y,t) = 0. Obviously

(v)=—-K/(z(y) —y,) forr=1,...,n.

F'(y,t) = K{() + > Kt — ;) < 0

j=1
so, by the implicit function theorem, z;(.) is continuously differentiable near y.
m;(y) = F(y, z;(y)) implies that m, is smooth too, and
om,; 0 OF 0 0
5 ) = 5 (Fv %) = 50 50)) + 5 (0Dl ()

= —K(%(y) —yr)-
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For a given permutation o of {1,...,n}, consider the mapping A, defined by

AJ(Y) = <m0(1)<y> — Mg (0) (Y>7 s ooy Mg (n) <Y> - ma(n—l)(Y))T'
lts Jacobian matrix DA, is

DA(y) = j| - —K(2)(¥y) =) + K (20-1(y) — u)

wherer=1,....nand j=1,...,n.
Proposition. Suppose that for each j = 0,...,n the kernel K; is C* with K < 0.
Let S =S, be a simplex and lety € S. The Jacobian matrix of

Ao(y) = (me)(y) = Mo (YY), - - - Mo (y) — Mom-1)(y)) -

is non-singular. That is, on S, we have the Difference Jacobi Property.
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Sketch of the proof.

The Jacobian matrix A .= DA,(.) has a special structure. First, the entries of
— A are non-negative on the diagonal: —K/(z, —y,) + K.(z.1 — y,), v = 1,...,n.
Since z,_1 <y < 2z, 2 < 2rand z._; > 0, we obtain z,_1 —y, < 0 < z — vy,
and z, —y, < 27 + z._1 — y.. Now using the 27 periodicity of K, and that K’
is strictly monotone decreasing, we obtain K/ (2,1 — vy,) < Kl(z — y,.), that is,
—K/(z, —yy) + K/ (2,21 — yr) <O.

The entries of —A are non-positive off the diagonal: for : < » we have z,_; < z; <
21 < y.. Therefore, —27m < z;_ 1 —y, < z; — y, < 0 and using that K is strictly
monotone decreasing and 27 periodic, we can write — K (z, —y,)+ K, (z_1—vy,) > 0.
The case ¢ > r goes similarly.

Second, the column sums of —A are strictly positive, i.e., with x = (1,1,...,1)' €
R", —A'x is a strictly positive vector: it is telescopic

Z — K (2 —yr) + K (zi1 — yr) = =K (20 — yr) + K (20 — yy).

Since 0 < zp < y, < 2z, < 2w, we have 0 < z, — y, < 271+ 29 — y, < 2m. Since K is
strictly decreasing and 2= periodic, it follows —K/(z, — y,) + K/ (20 — y») < 0.
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Sketch of the proof (contd).

The first property is sometimes expressed as —A is a so-called Z-matrix, the to-
gether with the second property, it is equivalent to that — A is a so-called M-matrix.
M-matrices have lots of equivalent descriptions. These two properties imply that
— A 1s nonsingular. []

Corollary. Suppose that for each j = 0,...,n the kernel K; is C* with K < 0 and
satisfies (0). Let S = S, be a simplex. Then A, : S — R" is a homeomorphism.

Corollary. Suppose that for each j = 0,...,n the kernel K; is C* with K/ < 0 and
satisfies (00). Then all equioscillation points belong to some (open) simplex, and
in each simplex S = S, there is a unique equioscillation point.
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Lemma. Suppose that K,, ..., K, are strictly concave kernel functions and a se-
quence of strictly concave kernel functions (K ](.k))zi , converges uniformly (in the
extended sense) to K; as k — co. Lete) € S be equioscillation points for the
system of kernels K j(.k), j = 0,...,n. Then any accumulation point e € S of the
sequence (e,(fe)N Is an equioscillation point of the system K, j =0,...,n.

Lemma. Let f : [0,1) — R be a strictly convex, increasing function. Then to each
e > ( there exists another strictly convex increasing function g : [0,1) — R such that

g€ C?0,1),¢" >00n[0,1), and f(z) < g(z) < f(z) + < all over |0, 1).

Theorem. Suppose that for each j = 0,...,n the kernels K; are strictly concave.
Then for each simplex S = S, there exists an equioscillation point in S. Moreover,
if the kernels are either all in C*(0,2m) or all satisfy ('), then any equioscillation
point is in the open simplex S.

Corollary. Let the kernel functions K, ..., K, be strictly concave. Then in any
simplex S = S, the Equioscillation Property holds, and we have M (S) < m(S).
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Theorem. Suppose the kernel functions Ky, K, ..., K, are strictly concave and
either all satisfy (oo’) or all are C*. Then there is w* € T", w* = (wy, ..., w,) with

M = inf sup F(y,t) = sup F(w", ).
YET" teT teT

Moreover, we have the following:
(a) w* is an equioscillation point, i.e., mo(w*) = - - - = m,(W").
(b) w* € S =S, for some simplex, i.e., the nodes in w* are different, and

inf max sup F(y,t)=M =sup min sup F(y,t).
yeS j=0,..., nel(y) ye S J=0,..., ntel(y)

(c) We have the Sandwich Property on S, i.e., for eachx,y € S

m(x) < M <ml(y).
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Example.

K(x) =m— |z — 7| for x € |0, 27]

Q(x) = |z|(2m — |x|) for x € [0, 27],
and extend them periodically to R. Take Ky = K, = K and Ky, = K3 = () where
e > 0 will be given later. Consider the node system yo = 0, y1 = 7, yo = , y3 = 2,
y = (y1, Y2, y3, y4). We can write

F(y,t) = Ko(t) + Ki(t — 1) + Kot — o) + Ka(t —y3) = 7 +eQ(t — 5) +eQ(t — ).

Then my(y) = F(y,0) = maxiepz Fly, 1) = 7 + 35%2 and by symmetry my(y) =
m1(y) = ms(y) = ms(y), i.e., y is an equioscillation point.

Putwy =0, w1 = 7+ (3 — 2v2)en?, wy = (2v2 — 2)m, w3 = 2m, W = (w1, Wa, W3, Wy).
Then my(w) = 7 4+ em?(6vV2 — 7), mi(w) = em?(6v/2 — 7), ma(w) = 7 + en?(6v/2 — 7),
ms(w) = 7 + en?(14v/2 — 19) and m(w) = ms(w). Hence

mly) = 57% > en2(6v/2 — 7) = T(w).
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— K(x)+Q(x-71/2)+K(x-17)+Q(X-3 77/2)
— K(x)+Q(x)+Q(x-2(V 2 1) 71)+K(x-rt-£(3-2v/ 2 ) 712/2)

4.7}

------------lh--------il-- ki — — — — — ——— — — kg — — — — — - -

I 37
5 7T 2 277

3.7L

_____ max, K(x):]T—|JT—X|, Q(X):EX(Z]T—X), e=0.1
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Example.

The kernels in the previous example can be approximated with "nice" kernels using
the convergence theorems. Consider the kernel functions K,, K, K>, K3 from
previous Example, and let k1", K", K" K" be strictly concave, symmetric,
satisfying the condition (o¢’) and

K](.’“) — K; uniformly as k£ — oo for j =0,1,2,3.
By an earlier Proposition, we have M™*)(S) — M®)(S) for any simplex. So for
sufficiently large £ € N we must have

MM (S,) # MM(S,) (8)

for the two different simplexes corresponding to the permutations ¢ = (213) and
o' = (123).
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Example.
Let Ky, K1, K5, K3 be kernel functions satisfying (oo’) with
M®(S,) £ M*(S,)

for different simplexes S, and S, (see the preceding example). Let K", k™ k¥
K?Ek) be C?, strictly concave, symmetric and satisfying the condition (oc) such that

Kj(.’“) — K; locally uniformly on (0, 27)
as k — oo for j = 0,1,2,3 (using an earlier Lemma). We know that M*)(S) —
M®)(S) for any simplex. So for sufficiently large k¥ € N we must have

M(k)<sa> 7& M(k)<sa’>
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Theorem. Suppose the kernel functions L, K are strictly concave and either both
satisfy (o<') orare inC'. Set F(y,t) .= L(t)+)__, K(t—y;). Then there is a unique
w*e T, w* = (wy,...,w,) with
M = inf sup F(y,t) = sup F(wW", ).
yeT" ¢eT teT
Moreover, we have the following:
(a) w* is an equioscillation point, i.e., my(w*) = - - - = m,(W*).

(b) The nodes wy, ..., w, are different and w* is an equioscillation point, i.e.,

(c) We have

inf max sup F(y,t)=M = sup min sup F(y,t).
yeT” j=0,....,n tEIj(y) yeTn 7=0,....,n tEIj(y)

(d) We have the Sandwich Property onT, i.e., foreachx,y € T
m(x) < M < mf(y).

(e) If K = L, then the points wy, . .., w, lie equidistantly inT.
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Lemma. Let K be strictly concave an let a,b > 0, x € (0,27) be given. Then for
each x € (0, 2w) for sufficiently small 6 > 0 we have that

éK(t —(z+ah) + %K(t _(z—bh) < ém )+ %K(t )

foreacht € (0,2 — bd) U (x + ad,2r) and each 0 < h < 4.
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Lemma. Let K be strictly concave an let a,b > 0, x € (0,27) be given. Then for
each x € (0, 2w) for sufficiently small 6 > 0 we have that

éK(t —(z+ah) + %K(t _(z—bh) < éK(t )+ %K(t )

foreacht € (0,x — bd) U (x + ad,2w) and each 0 < h < 9.
Proof. Let 4 > 0 be so small that for h € (0,9) we have x — bh > 0 and x + ah < 2.
Then K (-—x) is strictly concave on the intervals (0, z) and (z, 27). By strict concavity
the difference quotients are strictly decreasing in both variables, so that for all
he(0,6d)andt e (0,z —bd)and t € (x + ad, 2m)

Kit—z)— K{t—(x—0bh) K{t—z)—K({t— (x+ah))

“oh < ah

But this inequality is equivalent to the assertion.

The next result generalizes that of Hardin, Kendall and Saff in that extent that we
do not assume the kernels to be symmetric about 0. []
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Corollary. Let K be any concave kernel function, and let 0 = ey, e;,
equidistant node system in T. Consider

Fly.t) = K(t)+ Y K(t—y,)

(a) Fore = (eg,ey,...,e,) we have

F(e,t) =M = inf Fl(y,t
max F'(e, ?) janf | (y: 1),

I.e., e is @ minimum point of m. Moreover,

inf = max mj(y) =M =m= sup min my(y).
yeTntl j=0,....,n yeTn+l 1=0,....n

...,e, be the

(b) If K is strictly concave, then e is the unique (up to permutation of the coordi-

nates) maximum point of m and the unique minimum point of m.
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Proof. Since the permutation of the nodes is irrelevant we may restrict the consid-
eration to the simplex S := Sjq, where id is the identical permutation.
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Proof. Since the permutation of the nodes is irrelevant we may restrict the consid-
eration to the simplex S := Sjq, where id is the identical permutation.

(a) Approximate K uniformly by kernel functions K*) satisfying (co’). By one of
the main theorems, M*) = m¥)(e) and M™*) = m*) and obviously M*) = M*)(S),
m*) = m#¥)(S). Then we have M*)(S) — M(S) = M, m"™)(S) — m(S), m¥(e) —
m(e) and m'*)(e) — m(e). So that m(e) = M = m(S) = M(S).
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Proof. Since the permutation of the nodes is irrelevant we may restrict the consid-
eration to the simplex S := Sjq, where id is the identical permutation.

(a) Approximate K uniformly by kernel functions K*) satisfying (co’). By one of
the main theorems, M) = m*¥)(e) and M*» = m* and obviously M*) = M*)(S),
m*) = m#¥)(S). Then we have M*)(S) — M(S) = M, m"™)(S) — m(S), m¥(e) —
m(e) and m'*)(e) — m(e). So that m(e) = M = m(S) = M(S).

(b) Let w* € S be minimum point of m. By an application of the foregoing with
a =b =1, we can conclude that w* € S. Since e € S is an equioscillation point and
m(e) > M(S), we see that e majorizes w*. But this is impossible for e # w*. ]



Application: generalizing Bojanov’s result 66/75

Now our goal is to generalize Bojanov’s result.
Based on the product representation of trigonometric polynomials, the following
class of functions is called generalized trigonometric polynomials (GTP)

m

o] [

j=1
forall j =1,...,m. When r;'s are positive integers, these are absolute values of

Tj

t— 2
Ll wherea,r; >0, z; € C

trigonometric polynomials.

In the next theorem, we describe Chebyshev type (having minimal sup norm and
fixed leading coefficient) GTPs when the multiplicities of the zeros are fixed and
the zeros are real.
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Theorem. Let ry,r,...,r, be fixed positive real numbers. Then, there exists a
unique system of points w* = (wg, wy,...,wy,), 0 = wy < wy < ... < w, < 27 such
that

o Tn

t— w,
2

t—’wo
2

. [sin

Sin

= inf
O=yo<y1<...<yn<2m

n

where |.| denotes the sup norm over |[0,2x]. The extremal T*(t) =
|sin S50 =™ has the properties that there exists 0 < zy) < z1 < z <
... < zp < 2w such that w;'s and z;'s interlace (i.e. 0 = wy < zp < w; < ... < Wy, <
2y < wo+ 2w =2m)and T (z;) = | T*|| ( =0,1,...,n).

r0 .
™ Jsin

r
t—yj

The proof is based on that if T'(t) = []/_, :
as (C? smooth, strictly concave) kernel function, we can apply our main theorem.

sin =% | " and using K (z) == log |sin (z/2)|
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The interval case:

r,To,...,m, > 0, and consider |z — x| ... |z — z,|™". Such functions are some-
times called generalized algebraic polynomials (GAP). Fix [a,b] C R and consider
the following problem

inf |z — x| ... | — 2] (9)
a<r1<..<xp,<b

where ||.|| denotes the sup norm over |a, b).

To tackle this case, let us first investigate the problem

Tn r1 r1 Tn

) t_yl ) t_yn . t_yn—l—l . t_y2n
S111 . |S111 S111 S111
2 2 2 2

where the infimum is takenfor 0 < y; < ... <y, < Ype1 < ... < Yo, < 2.
Theorem. Using the notations introduced above, (10) has unique solution w* =
(wy, wa, . .., W) WIith wy 4+ (wy, —2m) =0 and 0 < wy < ... < wq, < w. Further, w* is

(10)

inf

Symmel‘ric.' Wy = 2T — Wop 11—k (]C =1,2,... ,n).
This theorem follows from the next more general, symmetry theorem.
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Theorem. Let Ky, ..., K, be strictly concave kernels such that K ; is even: K (t) =
K;(=t) forall j =1,...,n. Take the simplex S, = {0 <y <yp < ... <o, <27},

Define the symmetric potential

Fsymm <Y7t> = Kl (t o yl) T ..t Kn—l (t - yn—l) + Kn (t — yn>
_l'Kn (t_yn—l—1> ‘|'Kn—1 (t_yn—i—Q) +--'+K1 (t_?JQn) (11)

and consider the “doubled” trigonometric problem

Mymm = inf  sup Feymm (¥, 1) (12)
yES+ t€[0,27)

Then there is a unique solution w* = (wy, wy, . .., wsy,) € S, WIith wy + (ws, — 27) = 0.
Further, w* is symmetric: w;, = 2w — wo,41—1 (K = 1,2,...,n) and there are exactly
2n points: 0 = 21 < 29 < ... < Zpy1 = 7T < ... < 2z, Where Fy,,,,,, (W*,.) attains
its supremum. Moreover, z;'s and w;’s interlace and z;'s are symmetric too: z, =
2 — zopi1-k (K=1,2,...,n).
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Proof.
Following the symmetric definition, we denote K, . (t) .= K,11-1 (—t) where k =
1,2,...,n, and by symmetry,

Hence Flyn (v,1) = 2321 K (t —y;).

The existence and uniqueness follow from our main theorem. That is, there exists a
unique w* = (wq, wo, . . ., woy,) € S, with the normalization w, = 0 such that M (S5,) =
m (w*). Furthermore, M(S) = m(S) and F (w*;.) equioscillates, hence m (5,) =
m (w*). Using rotation, we can assume that w;, > 0 is such that w; + (wy, — 27) = 0.
Now we establish w, = 27 — w11 (K = 1,2,...,n). By the assumption, it holds
for k = 1, i.e. w; = 27 — wy,. Reflect the w;'s: v, == 27 — wopr1-1, Kk = 1,...,2n
and write v := (v1,...,v9,). Then v; = w; and vy, = wo,. Furthermore, put L; (t) :=
Ko, 111 (—t) and consider

F<V7 t) = Z Ly (t - Un+/€>
k=—n+1

the potential of the reflected configuration.
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We can write, using (13) and the even property of kernels,

-Ln+k<t'_'vn+k>:::}(ﬁ+1—k<__t%_1%&%ﬁ ::}(ﬁ+1—k<t'_'vn+k>
= Kypi—p (t =27 + wypik) = K11 (27 — 1) — wpg1—p)

forall k= -n+1,...,n. Hence

F(vit)= Y Lyg(t—ve) = > Kuop (27 — ) — w1 p)
k=—n+1 k=—n+1

= Foymm (W5 21 — 1) = Foypm (W' —1).

Obviously v € S.. By definition, m;(w*) = sup{Fsymm (W5t) : w; <t < wjii},
jg=12,....2n—1and my(w*) = ma,(W*) = sup{ Fyymm (W) : we, — 21 <t < wy}
and similarly for v, m;(v) = sup{F (v;t) : v; <t <wvn} j=12...,2n—1and
mo(v) = Moy (V) = sup{F (vit) 1 v, — 2 < t < vy }.
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Hence, we also have for j =1,2,...,2n —1

m;j(W*) = sup { Fymm (W5 t) - w; <t <wjq}
= sup{ Fsymm (W' —t) : —w;11 <t < —w,} =sup {F(V, t): —wj <t < —wj}
= sup {F(V,t) 21 — wjg <t <21 —wj} = sup {F(V,t) g <t < Vi1 )
= Man—j(V)

and obviously my(v) = mo,(v) = mo(w*) = mo,(w*). This implies that m(v) =
m(w*). Indirectly, suppose v # w*. We use the strict concaveness of m (.) hence
there is an a = (ay,...,a9,) € S, such that m(a) > m(w*). But this contradicts
that m (w*) = m (S,) = supycg, m(y). Therefore v = w*, hence w;. = 21 — wa, 414
(k=1,2,...,n).
The symmetry of w,’s implies the remaining assertions (interlacing and symmetry
of z;'s).
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We connect the interval problem (9) and the "doubled" trigonometric problem (10)
using a classical idea transferring with = = cos (¢) in the following (e.g. Szeg0,1964).
Theorem. We use the notations infroduced above. Consider the algebraic prob-
lem (9) and the associated “doubled” trigonometric problem (10). Denote the
unique solution of (10) by w* = (w1, ..., ws,) and that of (9) by x = (z1,..., ),
and let L (z) .= % + 4.

Then we can obtain x fromw* : x; = L (cosw,41—;), 7 =1,...,n.

Proof. For simplicity, assume that a« = —1, b = 1, hence L (z) = x. We also use
L t—a tt+a—2m 1

sin sin 5 =5 (cos (t)-cos (a)) (14)
moreover
Ct—t|" Ct—=t, " t+t, — 2w Ct+t — 2|
S111 . [ S111 S111 . |S111
2 2 2 2
1

= cos (t) — cos (t1)|™ . . . [cos (t) — cos (t,)|"" (15)
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Therefore, for every GAP P (z) = |x — 24| ... |x — x,|"" there is a GTP T (¢) of the
form as in (10) such that P (cost) = 2~ 2=t T (t). Now consider the problem (10).
According to the symmetry theorem, there is a unique GTP T (¢) with minimal sup
norm and

Tn r (]

Ct—wy
sSin
)

Ct+w, — 27
sin ;

Ct—w,
. [sin
2

o t+w; — 2w n
. [SIn 5 .

T* (1) =

In view of (15), P* () := 225-1"T* (arccosz) = |z — cos (wy)|™ ... |z — cos (w,)|™ is
the unique solution of the algebraic problem (9) and we can also write P*(x) =
|z — x| — x| Where z; = coswy1-4, j = 1,2,...,n, hence —1 <z < ... <
x, < 1.
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Thank you for your attention!






